Abstract Algebra

Jubayer Ibn Hamid



CONTENTS

1 Introduction to Group Theory

1.1 Definitions and Immediate Properties . . . . . . .. ... ... ... ... .. ...,
1.2 Symmetric Groups . . . . . . . ... e
1.3 Dihedral Groups . . . . . . . . . o i i e e
1.4 Homomorphisms and Isomorphisms . . . . . . . ... ... ... o ...
1.5 Group ACHONS . . . . v v v v vt ettt e e e e e e
1.6 Subgroups . . . . . . o e e e

1.6.1 Centralizers, Normalizers, Centre . . . . . . . . . . . . .. . .. ...

1.6.2 Stabilizersand Kernels . . . . . . .. . ... .. o
1.7 Cyclic GIoups . . . . . o v ittt e e e

1.7.1 Cardinality of cyclicgroup . . . . . . . . . . .. L
1.8 Formulas for orders and finding generators . . . . . . . . . ... ... ... ... ..
1.9 Subgroups generated by subsets . . . . .. ...
1.10 Quotient Groups . . . . . . . o o i it e e e

1.10.1 Important properties of cosets and representatives . . . . . . . . . . .. ... ...
1.11 Group Isomorphism Theorems . . . . . . . . . . ... .. . .
1.12 Group ACLIONS . . .« . v v o ot e e e e e e e e e e e e e e
1.13 Cycle Decompositions . . . . . . . . v v v it e e e e e e e e
1.14 Cayley’s Theorem and the group action of left multiplication . . . . . ... ... ... ..
1.15 Classification of Finitely Generated Abelian Groups . . . . . . .. .. ... .. ... ...

A Euclidean Algorithm, Bézout’s Identity



PREFACE

These reading notes are a combination of material from the courses Math 210A by Prof. Ravi Vakil at
Stanford University, Dummit and Foote’s "Abstract Algebra"” [1] and Aluffi’s "Algebra Chapter 0" [2].

There may be major and minor errors throughout these notes. If you find any, please let me know
by sending me an email at jubayer@stanford.edu. Oftentimes, I wrote these notes after I had already
handwritten them elsewhere and I was careless / inefficient in rewriting the proof. I also glossed over various
parts of the original texts that the reading notes were trying to follow despite them being pretty important.


mailto:jubayer@stanford.edu

1. INTRODUCTION TO GROUP THEORY

1.1. DEFINITIONS AND IMMEDIATE PROPERTIES

Definition 1.1 (Groups). A group is the following data: G is a set and e is a binary operation on G, such
that:

1. the operation is associative: (zey)ez=xe(yez)forallx,y,z € G

2. the operation has an identity: there exists an element 1 € G such that x @ 1¢ = 1 e v = x for all
reqG

3. the operation gives each element an inverse: for all x € G, there exists an inverse = € G such that

zer l=zxlex=1q

In particular, the operation e need not be commutative. However, if it is commutative (i.e. ey = y e x for
all z,y € G), then we say that the group is abelian or commutative.

Observe that a group is always non-empty since it must, at the very least, have the identity, 1o € G. We
now look at some immediate examples of groups:

Examples 1.2. The following are all groups:

1. The set of integers (Z), the set of rationals (Q), the set of reals (R), and the set of complex numbers
(C) are all groups under addition, and they are all abelian. However, they are not all groups under
multiplication. For example, Z is not a group under multiplication since © > 1 and x < —1 has no
inverse. Furthermore, Q, R, C are not groups under multiplication since 0 has no inverse.

2. The sets R — {0},Q — {0}, and C — {0} are groups under multiplication (but not under addition
since there is no additive identity).

3. Allvector spaces V are groups under addition. In particular, they are abelian groups.
4. The set 7./nZ where n € Z~ is an abelian group under addition. The identity in the group is 0 and

the additive inverse of T is —x for any T € Z/n’Z.

Note that Z/nZ is not guaranteed to be a group under multiplication since, a priori, all elements are not
guaranteed to have a multiplicative inverse. First, we define the subset of Z/nZ which admits such inverses
to be a group:

Example 1.3. The set (Z/nZ)* C Z/nZ is the set of all equivalence classes Z such that there exists a
multiplicative inverse. This is a group under multiplication where the identity is 1.

It should be clear, from the notation itself, that Z/nZ is a group under addition and (Z/nZ)* is a group
under multiplication.

Definition 1.4 (Direct Product of Groups). Suppose (X, ®) and (Y,O) are groups. Then, the direct product
of these groups is the set X x Y = {(z,y) | x € X,y € Y} under the componentwise operation:

(@1, y1)(T2,y2) = (z1 ® 2,51 0y2).

We now look at some immediate properties that all groups satisfy.

Notation 1.5. We adopt the shorthand notation where we suppress the group operation x1 ® o and write it
as x1xo. We write multiplicatively even though the group operation need not be.

Theorem 1.6. Suppose G is a group. Then,
1. the identity 1¢ of G is unique



2. the inverse x~ ' of each x € G is unique
3 (z Y t=aforallz e G

4. (zy) =yt forallz,y € G
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. If vy = xz for some x,y,z € G, theny = z. If yxr = zx, then y = z. In particular, there is a unique
solution for ax = b in x and a unique solution for ya = b in y.

Finally, we define the order of an element.

Definition 1.7 (Order of an Element in a Group). Let G be a group and let x € G. Then, the order of x is
denoted by |x| and is defined as the smallest positive integer n such that x™ = 1. If there is no such n,
then we say that the order is infinite.

Examples 1.8. 1. The element 1¢ € G has order 1. In fact, it is the element with this property, i.e. an
element in any group has order 1 if and only if it is the identity.

2. InR — {0}, or Q — {0}, the element —1 has order 2 under the operation of multiplication. All other
elements in these groups have infinite order.

1.2. SYMMETRIC GROUPS

The symmetric group is an extraordinarily important and ubiquitous construction.

Definition 1.9 (Symmetric Groups). Let M be a set and the let Sy be the set of all bijections from M to
itselfi.e. the set of all permutations of M. Then, Sy is a group under composition i.e. if 05,0, € Sy, then
0501 = 05 o ay. The identitiy of the group is 1 which sends every element in M to itself.

In particular, when the set is M = {1,2,--- ,n} of size n, the symmetric group is denoted by S,, and
called the symmetric group of degree n.

Sometimes, the symmetric group of the set M is denoted by Sym(M). In these notes, however, we
simply denote it by Sy;.

Proposition 1.10. The order of the symmetric group S, is n, i.e. |S,| = nl.

Proof. Each permutation in a symmetric group is an injective function from {1, - - - , n} to itself. There are
n! such injective functions. O

One can denote the elements of a symmetric group using cycles. A cycle is a string such as
(a1,az,- - ,am,) which represents a permutation; this cycle represents that the permutation takes a4 to as,
a9 to a3 and so on until a,, to a;. The cycle (3,4, 1) takes 3to4, 4 to 1, and 1 to 3. With this notation, we can
decompose any o € .S, as a composition of cycles of the form (a1, a2, -+ ,am)(ap, Gp+1,- - , aptx). The
length of a cycle is the number of integers in it. In particular, we have the following method for calculating
the order of any element in a symmetric group:

Proposition 1.11. The order of a permutation in a symmetric group is the l.c.m. of the lengths of the cycles
in its cycle decomposition.

Proposition 1.12. S,, is a non-abelian group for all n > 3.

Proof. Consider the set {1,2,3,--- ,n}. Then, consider the two permutations o defined by 1 — 3 and and
the permutation o; defined by 1 — 2. Then, os0; # 0:05. Since these permutations exists in all symmetric
groups .S, for n > 3, we are done. O



1.3. DIHEDRAL GROUPS

Dihedral groups are an extremely important class of groups that define symmetries of polygons.

Definition 1.13 (Dihedral groups). For a positive integer n > 3, the dihedral group Da,, is the set of all
symmetries of the regular n-gon. A symmetry is defined as any rigid motion on the object such that the
objects look exactly the same. More precisely:

* A symmetry of an n-gon is the following: label all n vertices of the polygon first. Then, a symmetry
is a permutation o of the set {1,2,---  n} corresponding to the rigid motion that leaves the polygon
unchanged. For e.g., consider the 90 degrees clockwise rotation of a square (i.e. 4-gon) whose
vertices are labelled sequentially. Then, the rotation can be described as the permutation o that sends
itoi+ 1, foralli e {1,--- ,n—1=3} andn=41 1.

This set Do, is a group under the operation of composition. In other words, if s,t € Dy, (i.e. s is
some symmetry and t is another symmetry), then st is the symmetry obtained by first applying t and then
applying s. This can also be defined by looking at the permutations each such symmetry corresponds to:
if s corresponds to the perutation os and t corresponds to the permutation o, then st corresponds to the
permutation og © 0.

In Do, the identity is the identity symmetry which leaves al vertices fixed/unchanged and is denoted by
1. The inverse of s € Da,, is the symmetry that reverses all the rigid motions of s i.e. s~ corresponds to
the permutation o~ if s corresponds to o.

Proposition 1.14. For any dihedral group Da,,, the size of the set is | Day,| = 2n. We say the dihedral group
Do, is of order 2n.

Proof. Consider some sequential numbering of the vertices of the n-gon i.e. 1 is next to 2 which is next to
3 and so on. Now, we can send the vertex number 1 to n possible locations/vertices. Suppose we send 1 to
. Then, we must send 2 to either ¢ + 1 or ¢ — 1 because symmetries must be rigid motions. That means we
have n x 2 = 2n possible permutations that define symmetries. O

Definition 1.15 (Rotations and Reflections in Ds,,). Define r € Ds, to be a clockwise rotation about the
origin through 27” radians. Define s € Dy, to be reflection about the line going through the vertex and the
origin.

Proposition 1.16. The following are satisfied in a dihedral group:

2 n
1. 1,r,re,---,r

~L are distinct and ™ = 1. In particular, |r| = n
2. |s| =2
3. s# 1 foranyi
4. sri#£srifori# jand0<i,j<n-—1
As such, we can write out the full group as:
Do, = {1,772, 7" L s, s, 872, - s
and any x € Da,, can be written as x = s'r fori € {0,1} and 0 < j < n — 1. Furthermore,

1. rs = sr— . As such, the dihedral group is not an abelian group.

2. ris=sr "t forall0 <i<n.



1.4. HOMOMORPHISMS AND ISOMORPHISMS

A recurring, central question we ask in abstract algebra is whether or not two mathematical objects
of interest are, in some sense, the same. To be able to ask this question, we define homomorphisms and
isomorphisms that help us understand these questions for groups with respect to their operations.

Definition 1.17 (Homomorphisms and Isomorphisms). Let (G,e) and (H,) be two groups. Then,
@ : G — H is a homomorphism if

p(zoy) = p(z)Up(y)

forall x,y € G. In other words, a homomorphism is a mapping that respects the structure of the group G
and the group H. In particular, if v is a bijection, then we call it an isomorphism, and we write G = H.

We will switch to the more convenient notation and simply write ¢(xy) = ¢(x)p(y) by suppressing the
group operation.

Recall that Sp; is the symmetric group over the set /. We now show that symmetric groups over sets
of equal size are isomorphic.

Theorem 1.18. Ler M and M’ be two sets. Then, Sy = Sy if and only if | M| = |M|.

Proof Sketch: The forward direction is simple. First, since both the sets have the same cardinality, define
some correspondence of the elements between them via 6 i.e. 8(m) = m/ for some m € M,m’' € M’
where 6 is bijective. This map, 6, is our way of associating each element in M with an element in M’ which
we can do since they have the same cardinality. Now, suppose o(x) = y for z,y € M, i.e. o is an element
in Sps. Then, we will map this to a symmetry in Sy by looking at how the corresponding elements in M’
get permuted. Define ¢ : Sy — S by w(0)(0(z)) = 0(y). In other words, ¢ takes o to a permutation
in Sj that moves the elements of M’ the same way o moves the elements of M. One can easily show that
this is a homomorphism. Furthermore, this is invertible since @ itself is invertible, i.e. given any p € Sy,
we can find a corresponding o € Sjs using the map 6. The converse direction is easy to prove for the
finite group case (we will prove the infinite case later). Since the two groups are isomorphic, it must be that
|Sar] = |Sa|. now, suppose |M| = p and |M'| = q. Then, |Sys| = p! and |Sps/| = ¢!. So, p = g and we
are done.

Examples 1.19. The following are examples of isomorphisms:

1. G = G for any group G via, at least, the identity isomorphism.

2. Any non-abelian group of order 6 is isomorphic to Ss. In particular, Dg = S3. We shall prove this
later when we study classification theorems.

3. ¢ : R —= Ryg by o(z) = exp(z) is an isomorphism from (R, +) to (Rsq, X).

Proposition 1.20. If ¢ : G — H is an isomorphism, then
1. |G| = |H]
2. G is abelian if and only if H is abelian
3. |z| = |p(x)| forall x € G.
Example 1.21. Note that if ¢ : G — H is an isomorphism, then |G| = |H|, but the converse is not true.

For example, S3 is not isomorphic to Z/6Z, despite their cardinality being the same, because the latter is
abelian while the former is not.



1.5. GROUP ACTIONS

So far, we have seen homomorphisms/isomorphisms which maps a group G to a group H. Now, we will
look at a particular mapping from G x A to A where G is a group and A is an arbitrary set.

Definition 1.22 (Group Action). A group action of a group G on a set A is a mapping ¢ : G x A — A
such that:

1. (91, ¢(92,a)) = ¢(g192,a) forall g1,g2 € G,a € A
2. p(1,a) =aforalla € A

We will usually use notation that suppresses the fact that a group action is a mapping and, instead, write
ga to mean (g, a). As such, the requirements can be written as g (g2a) = (g9192)a and la = 1.

Observation. A group action can be thought of as a permutation of the set. Since each group element maps
elements a € Ato a’ € A, we can think of each group element as a permutation in the symmetric group,
Sa. Concretely, g -ais g € G is acting on a € A. Now, for each g € G, we can define o4 : A — A by
o4(a) = g - a. Then,

1. o4 is a permutation of A for each g, and

2.4 : G — Savia(g) = o4 is a homomorphism. In particular, 1 is called the permutation
representation associated to the given group action. In other words, for each group action, there
exists a permutation representation corresponding to the group action.

To see the first, one can show that o, has an inverse which is o,-1; this follows from the first defining
property of a group action. To see the second, we can show that ¥(g192)(a) = (¥(g1) - ¥(g2))(a). This
means, a group action of G on a set A is to be understood as a way of turning every element of G into a
permutation on the set A.

Observation. We saw that, given a group action, there is an associated permutation representation i.e. a
homomorphism G — S 4. We can reverse this process. Given a homomorphism v : G — S, we can
construct a group action G x A — G by setting g - a = (g)(a).

Examples 1.23. We now look at a number of examples of group actions.

1. The trivial action is defined by setting g - a = a for all a € A and all g € G i.e. all elements of G
correspond to the identity permutation in S 4. The associated permutation representation sends every
element in G to the identity 1 € S 4.

2. On the other hand, if each element of G corresponds to a unique permutation in S 5, we say that the
group action is faithful. The associated permutation representation is injective.

3. Let our group be a field I' and let V be a vector space defined over F. Then, F' acts on V via
atl = afvy, -+ ,vp) = (U, -+ ,av,) € V.

4. Let A be a nonempty set. Then, the symmetric group of A, Sa, acts on A via o - a = o(a) for any
a € A,0 € Sa. The associated permutation representation, id : S — S a, is identity.

5. After fixing some labeling of the vertices of an n-gon, each element of Do, corresponds to a permu-
tation o in S, defined by the way the element permutes the corresponding vertices. This gives us a
group action Do, x {1,--+ ,n} = {1,--- ,n}ie o-i=jwhere jis the permutation of i under o.



1.6. SUBGROUPS

Definition 1.24 (Subgroups). Let G be a group and let H be a subset of G. Then, H is called a subgroup if
1. H is non-empty, i.e. H # ()
2. H is closed under the group operation and inverses, i.e. vy,x~' € H forall x,y € H
In symbols, we write H < G.
Examples 1.25. We look at some examples and non-examples of subgroups.
1. Any group G has at least two subgroups: H = G and H = {1¢}.
2 Z<Q<LR

3. Note that the subgroup must be defined with respect to the same operation as that of the group. For
example, (Q — {0}.x) is not a subgroup of (R, +) even though both are groups.

4. Dg is not a subgroup of Dg since Dg is not a subset of Dy - this is because the symmetries in Dg are
not the same as the symmetries in Dg (e.g., the rotation is by 60 degrees in Dg whereas it is by 45
degrees in Dg).

Alternatively, one can verify whether H is a subgroup of GG via the following criterion:
Proposition 1.26 (Subgroup Criterion). A subet H C G of a group G is a subgroup if and only if
1. H#0, and
2. zy ' € Hforallx,y € H.
If H is finite, an equivalent and sufficient criterion is to simply check that
1. H#0
2. H is closed under group operation.

We will now look at some special classes of subgroups.

1.6.1 Centralizers, Normalizers, Centre

Given a subset A of a group GG, we can construct some important classes of subgroups of GG defined by
how they interact with that specific set A. This leads us to the definitions of centralizers and normalizers.
The centre of a group is another important subgroup that is defined by considering the subset A = G.

Definition 1.27 (Centralizers). Let G be a group and let A be a subset of G that is non-empty. Then, the
centralizer of A in G is defined as

Ca(A):={g€G|gag™' =a,Va € A}.
In other words, the centralizer of A in G are all the elements in G that elements of A commute with.
Theorem 1.28. The centralizer, C;(A), is a subgroup, i.e. Co(A) < G.
The proof is straightforward using the subgroup criterion.
Observation. Note that if G is an abelian group, then for any non-empty subset A of G, Cq(A) = G.

The centralizer is a particularly strict criterion in the sense that a € A must commute with all the
elements in Cz(A) i.e. ag = ga for all g € Cg(A). Next, we look at the normalizer which relaxes the
condtion quite a bit.



Definition 1.29 (Normalizer). let A be a non-empty subset of the group G. Then, the normalizer of A in G
is the set
Ne(A) = {g € G |gAg~" = A}

where gAg~—t = {gag™"' | a € A}. In other words, the normalizer of A in G are all the elements in G that
conjugate elements of A (i.e. gag™") and return some element in A.

So far, our constructions were with respect to some non-empty subset A of a group G. Next, we look at
the centre of a group, which can be seen as the centralizer of the subset G of G.

Theorem 1.30. The normalizer of a set A in group G is a subgroup, i.e. Ng(A) < G.

Definition 1.31 (Centre). The centre of a group G is defined as the subset of elements that commute with
all elements of G, i.e.
Z(G):={zx € G| xg =gx,Vg € G}.

Theorem 1.32. The centre of a group G is a subgroup, i.e. Z(G) < G.

We will soon see an elegant way to understand why the normalizer and the centre are subgroups.

1.6.2 Stabilizers and Kernels

Now, we define some classes of subgroups that are defined with respect to a group action of G. In
particular, again, we consider some non-empty subset A C G. We will also see that the preceding subgroups
(i.e. centralizers, normalizers, and centre) can be defined as special cases of the constructions we will see
now.

Recall that a group action is a mapping G x A — A such that that the mapping is associative and
l-a=a.

Definition 1.33 (Stabilizer). If G is a group acting on a set A, and a € A is some fixed element, then the
stabilizer of a in G is the set
Go={9€G|g-a=a}

where g - a is the group action of G on A.
Theorem 1.34. The stabilizer is a subgroup, i.e. foranya € A C A, G, < G

Definition 1.35 (Kernel of Group Action). If the group G is acting on a set A, then the kernel of the group
action is defined as
{g€Glg-a=a,Va€ A}

Theorem 1.36. The kernel of a group action of G on a set A is a subgroup of G.

Now, we finally come to the main observation where we note that several of these constructions can be
unified by the notion of conjugation. Let X = P(G) be the set of all subsets of the group G. Now, suppose
G acts on X by conjugation, i.e. forany g € Gand M € X = P(G),wesay g- M = gMg—* = {gmg™ |
m € M}. Then, we can note the following:

1. the normalizer, N (A), is the stabilizer of A in G, i.e. Ng(A) = G4 where A € P(G)

2. if the normalizer, Ng(A) acts on the set A by conjugation, i.e. - a = gag~',Va € Aandg-a € A
since g € Ng(A), then C¢(A) is the kernel of this action. In other words, the centralizer is the
kernel of the action of N;(A) on A by conjugation. As such,

Cc(A) < Ng(4).

3. the center of a group G, Z(@), is the kernel of G acting on G by conjugation. As such,

Z(G) < G.
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1.7. CycLric GROUPS

Definition 1.37 (Cyclic Groups). A cyclic group is a group is a group H that is generated by a single
element, i.e.
H={z"|nelZ}.

Note that n iterates over all integers, including negative integers. In other words, we product x with both
itself and its inverse.

Here, we wrote the group operation as multiplication as just a matter of notation; we could have also
written the group operation as addition, which would lead us to write H = {nx | n € Z}. In either case,
we denote a cyclic group as H = (x) and say that H is a group that is generated by .

Observation. The generator in a cyclic group need not be unique. For example, if H = (x), we could also
write H = (x~1Y). This is because:

e In multiplicative notation where H = {x™ | n € Z}, any 2" can be written as (z~1)™", so
H={z"1'|neZ}

* In additive notation where H = {nxz | n € Z}, any nx can be written as (—n)(—z), so H =
{n(—z) | n € Z}.
Examples 1.38. We take a look at some examples of cyclic groups. They often appear as subgroups of
larger groups that may not be cyclic themselves.

Consider the dihedral group: G = Ds,,. Now, let H be the group of all rotations. Then, H = {r) = {r™ |
m € Z}. Note that |H| = n since ™ = 1 = 1. Also, r—1 = r"~1,

The group of integers is cyclic i.e. Z = (1).

1.7.1 Cardinality of cyclic group

We immediately note that there is a simple way of figuring out the cardinality of a cyclic group via its
generator:

Proposition 1.39. If H is a cyclic group and H = (x). Then,
to be infinite).

H| = |z| (note that |H| and | x| are allowed

 if |H| = n < oo, then x™ = 1 and the distinct elements of H are {1,z,--- ,a""1}.
o if |H| = oo, then x™ # 1 for any n # 0.

Proof. First, suppose |z| = n. For any arbitrary ¥ € H, we can write using the division algorithm that
k = ng + r where 0 < r < n. Then, 2% = 2"+ = (2™)7. 2" = 2" € {1,2,--- ,2"'}. One can easily
show that 2% # 2% is a,b € {1,--- ,n — 1} and a # b: if not, then, z°~@ = 1 but we know that n is the
smallest positive integer such that 2™ = 1. The proof for the infinite order is simple: no two z® and x° are
equal for a # b since, otherwise, we have an n such that ™ = 1 where 0 < n < co. ]

Lemma 1.40. Let x € G where G is a group and let m,n € Z. If ™ =1 = x™, then

¥ =1, whered= (m,n).

In particular, if ™ = 1, then |z| divides m.
Now, we come to an important result:
Theorem 1.41 (Classification of Cyclic Groups). Any two cyclic groups of the same order are isomorphic.

1. Suppose the cyclic groups (x) and (y) are both of order n € Zsq. Then, the following is an
isomorphism: o(z*) = y*.

2. Suppose (x) is a cyclic group, then o(k) = z*

that if (x) is of order n, then (x) = Z/nZ.

is an isomorphism. This follows from the observation
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3. In particular, for any n € Z~, let Z,, be the cyclic group of order n, then

Zn 2 7/,

Proof Sketch: First we show that ¢ is well-defined. Suppose " = z°. Then, we show that ¢(x")
©(x®). Note that z"° = 1, so n|(r — s) by our previous lemma. Write (r — s) = nt. Then, ¢(z")
p(ante) =y =y = o(a*).

1.8. FORMULAS FOR ORDERS AND FINDING GENERATORS

In this section, we try to find the generators of a cyclic group.
First, we try to calculate the order of arbitrary powers of  in an arbitrary group. Note: the following
result applies to an arbitrary group, not necessarily a cyclic group.

Proposition 1.42. Let G be a group (not necessarily cyclic) and let x € G. Let a € Z — {0}.

1. if|z| = oo, then |x*| = co
2. if|z| =n < oo, then |z%| = )
3. if |x| =n < oo and a|n, then |z%| = 2.

Now, we use this to understand which elements in a cyclic group are generators of the group.
Proposition 1.43. Let H be a cyclic group, i.e. H = (x). Then,

1. If|z| = oo, then H = (x®) ifand only ifa = 1 or a = —1.

2. If |x| = n < oo, then H = (x®) if and only if (a,n) = 1.

Proof Sketch: we know that (z®) generates a group of order |z°|, so if (%) = (z), we require that
|z = |z|. By 1.42, this is true if and only if (a,n) = 1.

Example 1.44. Consider Z/12Z. Then, we know that 1,5, 7, and 11 are generators, since for each of these
(a,12) = 1.
Theorem 1.45. Let H = (x) be a cyclic group.

1. Every subgroup of H is cyclic. More precisely, if K < H, then either K = {1} (i.e. the trivial group)
or K = (z%), where d is the smallest positive integer such that v € K.

2. If|H| = oo, then for any distinct nonnegative integers a and b, (x) # (). Furthermore, for every
integer m, (x™) = (2|™!), where |m| denotes the absolute value of m. In other words, the nontrivial
subgroups of H correspond bijectively with the integers 1,2,3, .. ..

3. If |H| = n < oo, then for each positive integer a dividing n there is a unique subgroup of H of order
a. This subgroup is the cyclic group (x?), where d = -

Furthermore, for every integerm, (™) = (x(™™), so that the subgroups of H correspond bijectively
with the positive divisors of n.

1.9. SUBGROUPS GENERATED BY SUBSETS

The next class of subgroups we will look at are subgroups that are generated by subsets of a group.
Let GG be a group and let A be a subset of a group. We will define the subgroup generated by A to be the
intersection of all subgroups of G that contain A. Naturally, this raises the question: is this intersection
guaranteed to be a group? We prove this using the following lemma:

Lemma 1.46. Let C # () be a collection of subgroups of a group G. Then, the intersection of all elements
of C is a subgroup of G.
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Proof. Define K = NxeeX. Given 1¢ € X (since X is defined to be a subgroup for each X € C),
lg € K. If x € K, then x € X for all X € C, which implies =1 € X for all X € C, which implies
x~! € K. This logic can be used to show that if 2,y € K, then 2y~ ! € K. O

Definition 1.47 (Subgroup generated by a Subset). Let G be a group and let A be a subset of G. The, the
subgroup of G generated by A is defined as the intersection of all subgroups of G containing A, i.e.

(A) == Nacu,u<cH. 1)
In particular, for notational clarity, we set the following:
1. If A={ay, - ,an} is afinite set, we write (a1, ,a,) = (A).
2. If A and B are two subsets, we write (A, B) = (AU B).
Observation. Note that (A) is a subgroup by our last lemma if welet C = {H | H < G,A C H}.

So far, we have only said that this definition gives us a subgroup that is generated by a subset. However,
we do not yet know what the elements of this subgroup look like. We remedy this in the next result.

Definition/Proposition 1.48. The subgroup of G that is generated by the subset A C G can be written as:
(A) = {af'as?--af' | a; € Aje € {£1},t € Z} = A. (2)

Proof. Ttis easy to show that gl is a subgroup. To show that (4) = A, we first note that (A) C A since each
a € can be written as ali € A. To show the reverse direction, we simply note that products and inverses
belong to the group, so A C (A). O

1.10. QUOTIENT GROUPS

Definition 1.49 (Fibers). Given ¢ : G — H is a group homomorphism, the fibers of p are the sets of
elements of G that p maps to single elements. In other words, the fiber of  above h € H, denoted by X,
is defined as:

Xn={9€G|wp(g) =h}

Observation. Note that there is a natural operation we can do on fibers themselves because of the properties
of homomorphisms. Let Xy, and Xy be two fibers. Then, Xy Xy is the fiber Xpy:. This is because for any

a € Xy, B € Xp, olaf) = pla)p(B) = hh'.
This will allow us to define the quotient group as the group of fibers of a homomorphism.

Definition 1.50 (Kernel and image of a homomorphism). Let ¢ : G — H be a group homomorphism.
Then, the kernel of ¢ is

kerp:={g€G|p(g) =1u}.
On the other hand, the image of the homomorphism is defined as
imy :={h € H | ¢(g) = h for some g € G}.
We look at some immediate properties of kernels and images:

Proposition 1.51. Let o : G — H be a group homomorphism. Then,

n

1 o(lg) = 1u, (g7") = ¢(g)~" and ¢(g") = ¢(g)
2. ker ¢ and im ¢ are subgroups of G and H respectively, i.e. ker p < G and im ¢ < H.
Now, we define the quotient group:

Definition 1.52 (Quotient Group). Let ¢ : G — H be a group homomorphism with K = ker ¢. Then,
the quotient group, denoted by G/ K, is the group whose elements are fibers X}, for each h € H and the
operation is defined by X, Xy, = Xpps. Note that K is also an element in G/ K ; concretely K = X1,, and
K is the identity of the quotient group G /K.
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The odd thing about this definition is that X}, is very opaque. What we will now see is that each fiber is
essentially a translate of the kernel K via some representative:

Proposition 1.53. Let ¢ : G — H be a group homomorphism and let K := ker @ be its kernel. Then,
X € G/K can be written as, for any g’ € Xp,

Xn=¢K:={dk|ke K}

and
Xn=Kqg ={kg' | k€ K}.

Proof. Tt is easy to see that ¢’ K C X}, because p(g'k) = h for any k € K. To see the reverse inclusion,
let g € Xp,i.e. ¢(g) = h. Now, define k = g~ 1g. Then, p(k) = (¢ 19) = ¢(¢') tp(9) =h th =1.
So, k € K. Therefore, g = ¢’k € ¢ K. O

We used a particularly general construction in this definition that is worth noting separately:

Definition 1.54 (Left coset/Right coset and Representatives). For a subgroup N of G and some element
g € G, we will use the notation gN = {gn | n € N} which is called a left coset of N in G. Similarly,
Ng = {ng | n € N} which is called a right coset of N in G. Any element of a coset is called a
representative of the coset. In particular, g = gl = 1g itself is a representative of the coset gIN or Ng.

Note that if G is an additive group, we will write g + N to be the left coset of NV in GG with representative
g (and the equivalent statement for right cosets is true).

Observation. The quotient group G /K contains of elements that are the left cosets of K = ker v in G. In
other words, the elements of G/ K look like gK where g is a representative of a fiber. Furthermore, since
different representatives define the same fiber, the choice of the representative does not matter — we will
formalize this now:

Proposition 1.55. Let G be a grup and let K = ker ¢ for some group homomorphism ¢. Then, consider
the set of left cosets of K in G and define the following operation on them: uK o vK = (uv)K. Then,

1. This operation defined a group, called the quotient group, denoted by G | K

2. The operation is well-defined, i.e. if uy € uK and v1 € vK, then uyv, € WK and uyv1 K = uv K.
In other words, the group operation does not depend on the choice of representative.

3. The statements are true after replacing left cosets with right cosets.
In light of all this, we write the following as the definition of a quotient group:

Definition 1.56 (Quotient Group). let ¢ : G — H be a group homomorphism and let K = ker . Then,
the quotient group G/ K is defined as the cosets of the kernel K = ker ¢ in G, i.e.

G/K :={g:=gK | g€ G}

with the group operation being § - g’ = gg', i.e. gK - ¢ K = (gg')K. Note that § = ¢' if ¢’ € gK or
geJK.

Example 1.57. Let ¢ : G — H be an isomorphism. Then, the kernel is just 1. In particular, the fibres of ¢
are singleton subsets of G (since ¢ is injective and subjective), so G/1 = G.

Example 1.58. Consider the homomorphism ¢ : Z — Z/nZ. This has the kernel X = nZ. Then, the
cosets of K in Z are a + K = a + nZ for each a € Z.

Example 1.59. let G = R? and let H = R. Define ¢ : G — H by ¢((x,)) = . Then, one can show that
 is a homomorphism and its kernel is ker ¢ = {(0,y) | y € R}. Then, the quotient group G/K consists
of the cosets (z,0) = (z,0) + ker ¢ for each z € R.
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1.10.1 Important properties of cosets and representatives

Some of what we have seen so far can be generalized. For example, the fact that a coset can be written
using any representative and the choice of the representative does not make a material difference in defining
the coset can be generalized to cosets of other subgroups as well alongside cosets of a kernel. On the other
hand, we will see that the group operation in the quotient group, i.e. uK - vK = uvK, is only defined if K
satisfies some properties.

Proposition 1.60. Let N be any subgroup of G, i.e. N < G. Then, the set of left cosets of N (sets of the
form gN for g € G) partition G, i.e. all elements of G belong to some coset of N in G. In particular, for
all u,v € G, uN = vN if and only if v_'u € N. In particular, uN = vN if and only if u and v are
representatives of the same coset.

Proof. Since 1 € N (as N is a subgroup), each element of G can be written as ¢ = ¢g-1 € gN. As
such, g is a representative of the coset gV and, therefore, G = Ugegg/N. We must now show that distinct
cosets have no intersection. In other words, if uN NovN # (), then uN = vN. Let z € uN NvN.
Then, x = un = vm for some m,n € N. now, u = vmn~Y = vmy where m; := mn~! € N. Then,
ulN ={ut |t € N} ={vmqt |t € N} =vmiN CuN. Similarly, vN C uN, which givesus ulN = vN.

Now, we prove the second statement. We know that uN = v if and only if u € vN if and only if
u = vn for some n € N if and only if v=1u € N.

Now, we prove the last statement. Again, uN = v N if and only if v € wN which is equivalent to saying
v = v - 1 is a representative of u/N. Similarly, u/N = v N if and only if u € vN which is equivalent to
saying u is a representative of v/N. Since uN = v, therefore, u and v are representatives of the same
coset. O

Since this makes remembering almost everything so far quite simple, it is worth writing it again: Two
cosets are the same, i.e. uN = v N, if and only if v and v are representatives of the same coset. Also,
two cosets are the same, i.e. uN = v N, if and only if u € v N.

Note that, in additive notation, we would say that two cosets are the same, i.e. uN = v N, if and only if
uev+ N

Now, we come to the second part: what are the requirements on the subgroup N that make uN o v N =
(uv) N a well-defined group operation?

Proposition 1.61. Let G be a group and let N be a subgroup, N < G.

1. The operation uN o vN = (uv) o N is well-defined if and only if gng=* € N forall g € G,n € N
(as we will soon see - this means, this operation is well-defined if and only if N is a normal subgroup).

2. If this condition is satisfied, then the set of left cosets of N in G, i.e. {gN | g € G}, is a group with
the group operation gN o ¢’ N = (gg')N. In particular, the identity is the coset 1N and the inverse
of gN is gL N.

Proof. We sketch the proof of the first part. Assume that the operation is well-defined. Then, suppose
u,u; € ulN and v,v; € vN. We know that ulN o v N = (uv)N. But choosing different representatives of
uN and v N, we get that u; N o v3 N = (uqv1)N must be the same as (uv) N, so (uv) N = (ujv;)N. Now,
letu =1, u; = n for some n € N (clearly, then u, u; € uN) and let v = v; = ¢! for some fixed g € G.
Then, 1971 N = ng=! N which implies g~' N = ng='N. Clearly, ng=* € ng='N,song=! € g7 N, so
ng~! = g~ 1n/ for some n’ € N, which gives us that gng~! € n’ € N. Conversely, suppose gng~* € N
forall g € G,n € N. Again, let u,u; € ulN and v,v; € vN. Write u; = un and v; = vm for some
n,m € N. We can show that u1v; = (uv)(nym) where ny = v~ !nv which is in N by assumption. Since
N is closed under products, nym € N, so ujv; = (uv)ny for some ny € N (precisely ng = nym € N.
Since u1v1 € uvN, u1v1 N = uvN. As such, the operation is well-defined. O

Subgroups that satisfy these properties are extremely important in the study of groups and, as such, are
given a separate name.
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Definition 1.62 (Normal Groups and conjugates). Let G be a group and let N be a subgroup of G. The
element gng~" is called the conjugate of n € N by g € G. The set gNg~' = {gng™' | n € N} is called
the conjugate of N by g.

In particular, the element g is said to normalize N if gNg— = N. A subgroup N of a group G is called
a normal subgroup if gNg~' = N forall g € G, i.e. every element of G normalizes N. If N is a normal
subgroup of G, we write N < G.

-1

Theorem 1.63. Let N be a subgroup f the group G. Then, the following are equivalent:
1. NJIG
2. Ng(N) = G, i.e. the normalizer of N in G is G itself
3. gN = Ngforallg € G
4. The set of left cosets are a group under the operation uN o vN = (uv)N
5. gNg ' C Nforallg € G.

Note that the kernel of a homomorphism satisfies both the requirements in lemma 1.61. One can ask
whether all subgroups [V that satisfy these properties can be shown to be the kernel of some homomorphisms.
This is answered in the next proposition:

Proposition 1.64. A subgroup N of the group G is normal if and only if it is the kernel of some homomor-
phism.

Proof. The kernel of a homomorphism is normal as we have already shown. We need to now show that if
N < G, then there exists a homomorphism whose kernel is N. Define ¢ : G — G/N by ¢(g) = gN forall
g € G. Note that this is a homomorphism as ¢(g192) = (g192)N = ¢1.N - 2N = ©(g1)(g2). Now, it is
easy to check thatkerp = {g € G | ¢(9) =IN} ={g € G|gN =1N}={geG|ge N}=N. O

Definition 1.65. Let N < G be a normal subgroup. The homomorphism 7 : G — G/N defined by
7(g) = gN is called the normal projection/homomorphism of G onto G /N. If H < G /N is a subgroup of
G/N, the complete preimage of H in G is the preimage of H under the normal projection homomorphism.

Example 1.66. For any group G, the subgroups 1 and G are normal in G. In particular, G/1 = G and
G/G 1.

Example 1.67. Let G be an abelian group, then any subgroup N of G is a normal subgroup since gng~! =
g9 'n=ne Nforallg e G,n € N.

Example 1.68. Let G = Zj, be the cyclic group of order k. Let x be a generator of G and let N < G. Then,
N = (z%) where d is the smallest integer such that z¢ € N. Then,

G/N ={gN |ge G} ={a2°N |a € Z}.

Now, since z*N = (zN)%, G/N = (zN), i.e. G/N is cyclic and its generator is xN. Furthermore,

|G/N| = % In other words, the quotient groups of cyclic groups are cyclic.

We now prove the following theorem, known as Lagrange’s Theorem, which allows us to compute the
order of a quotient group.

Theorem 1.69 (Lagrange’s Theorem). If G is a finite group and H is a subgroup of G, then the order of H
divides the order of G and the number of left cosets of H in G equals %
Proof. Let |H| = n and let the number of left cosets of H in G equal k. Now, we claim that for any fixed
g € G, |gH| = n. This can be seen by noting that the map H — gH by h — gh is (a) surjective by
definition and (b) injective because (if gh, = ghs, then hy = hs), and so |gH| = |H| = n.

Now, we have proven previously (see Proposition 1.60) the left cosets of H in G partition G, so

|G| = | no. of left cosets | - | cardinality of each left coset | = kn. As such, number of left cosets of H in
Gisk =S = 2. O
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One point to note and remember from this proof is the idea that |H| = |gH| and that H — gH is a
bijection.

Definition 1.70 (Index of a subgroup). Let G be a group and let H be a subgroup of G. Then, the index of
H in G is the number of left cosets of H in G. We denote the index by |G : H|.

Note that if G is a finite group, then by Lagrange’s theorem, |G : H| = % However, if G is an infinite
group, then this is not true. In particular, a subgroup of an infinite group can have finite index or infinite
index. As an example, consider the group Z. Then, the trivial subgroup {0} has order 1 but the subgroup

(n) is of index n (assuming n > 0).
Corollary 1.71. let G be a group. We have the following consequences of Lagrange’s theorem:

1. If G is a finite group and let x € G. Then, || divides the order of G. In particular, z\®! = 1 for all

z € G.

2. If G is a group of order p where p is a prime integer. Then, G is cyclic, hence G = Z,. (Recall that
Z,, is the cyclic group of order p and Z,, = 7./ pZ)

Example 1.72. Let H = {(1,2,3)) < S3 and let G = S3. We now show that H < S3 using Lagrange’s
theorem. First, one can show that H < Ng(H) < G. Now, by Lagrange’s theorem, the order of H divides
the order of N¢(H) which divides the order of S3, which is 6. Now, since G has order 6 and H has order
3, the only possibilities for N (H) are that N (H) is either the same as H or the same as G = S3. Now,
one can show that (1,2) conjugates (1,2,3) to (1,2,3)~L. So, (1,2) conjugates a generator of H to another
generator of H, which allows us to conclude that (1,2) € Ng(H). Since (1,2) &€ H, so, No(H) # H and
N¢(H) = G, which allows us to conclude that H < Ss.

Definition 1.73 (Simple Groups). Simple groups are groups whose only normal subgroups are 1 and G.

Theorem 1.74 (Cauchy’s Theorem). If G is a finite group and p is a prime dividing |G|, then G has an

element of order p.

Theorem 1.75 (Sylow). If G is a finite group of order p®m, where p is a prime and p does not divide m,
then G has a subgroup of order p“.

Proposition 1.76. If H and K are finite subgroups of a group, then

H||K
K] = |H ‘r|1 K||

where HK = {hk | h € H,k € K}.

Proposition 1.77. If H and K are subgroups of a group, HK is a subgroup if and only if HK = KH.
Corollary 1.78. If H and K are subgroups of G, and H < Ng(K), then HK < G. In particular, if
K <G, then HK < G forany H < G.

1.11. GRouP ISOMORPHISM THEOREMS

Theorem 1.79 (First Isomorphism Theorem). Let ¢ : G — H be a group homomorphism. Then, ker p < G
and G/ ker p = o(Q).

Proof- Let x € kerg. Then, for any g € G, ¢(gzg™") = @(g)e(2)e(9)™! = ¢(g)lup(g)™" =
o(g9)p(g)~t =1y, s0 grg™! € ker p. We already know that ker ¢ is a subgroup, so ker ¢ < G. To prove

the second statement, define ¥ : G/ ker ¢ — ¢(G) by ¥(gker ¢) = ¢(g). Now, with K = ker ¢,

* U is well-defined. Suppose gK = hK. Then, h~1g € K. Then, p(h~lg) = 1. But p(h~lg) =
©(h)~Yp(g) = 15, which implies @(h) = ©(g). So, ¥(g) = ¥(h).

* U is a homomorphism since W(gK o hK) = ¥(ghK) = p(gh) = ¢(g9)¢(h) = Y(gK)¥(hK).
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* U is injective. This is because ¥(gK) = U(hK) = ¢(g) = ¢(h). But then, o(h)"1p(g) = 14,
which implies p(h~'g) = 1. Soh~'g € K,s0 gK = hK.

* U is surjective by definition of the morphism.

O

Corollary 1.80. Let ¢ : G — H be a group homomorphism. Then, @ is injective if and only if ker ¢ = 1.
Furthermore, |G : ker ¢| = |¢o(G)|.

Proof. If pisinjective, then, ker ¢ = 14 by definition of an injective map. On the other hand, if ker ¢ = 14,
then suppose ¢(x) = ¢(y). Then, ¢(y) ¢(z) = p(y~'z) = 1y. Since y~ 'z is in the kernel and the
kernel is simply 1¢, we have that y~!'a = 15, so = y. To prove the second statement, we simply use the
first isomorphism theorem (1.79) and Lagrange’s theorem (1.69). O

Theorem 1.81 (Second/Diamond Isomorphism Theorem). Let G be a group and let A and B be subgroups
of G. Assume that A < Ng(B). Then, AB < G, B<AB, ANB <A, and AB/B= A/ANB.

Proof. The first statement is the same as 1.78. To show B < AB, we note that A < N(B) by hypothesis
and B < Ng(B) trivially, so AB < N¢g(B). This means, all elements of AB normalize B. As such, B is
a normal subgroup of AB considered as a group.

Now, given B < AB, we can define the quotient group AB/B and that allows us to construct the
map ¢ : A - AB/B by ¢(a) = aB. It is straightforward to check that this is well-defined and a
homomorphism. From the definition, clearly, ¢ is surjective. On the other hand, the kernel of ¢ is A N B.
As such, ker ¢ = A N B which, by the first isomorphism theorem, is a normal subgroup of A. The first
isomorphism theorem also allows us to conclude the last statement. O

Theorem 1.82 (Third Isomorphism Theorem). Let G be a group. Let H < G and K < G, and let H < K.
Then,
K/H<G/H

and (G/H)/(K/H) = G/K, which can be equivalently written with the bar notation (i.e. J = J/H) as:
G/K = G/K.

Proof. The fact that K/H < G/H follows from the fact that K’ < GG and the group operation in quotient
group, i.e. uK o vK = (uv)K. To prove the second statement, construct the following map: ¢ : G/H —
G /K which sends gH to gK. First, o is well-defined: if gy H = goH, then g; = goh for some h € H,
and since H < K, g1 K = g2 K. So ¢(g1H) = ¢(g2H). On the other hand, ¢ is, clearly, a surjective
homomorphism. Finally, consider its kernel:

kero ={gH € G/H | p(gH) = 1K}
={9yH € G/H | gK = 1K}
={9H €G/H| g€ K}
= K/H.
Using the first isomorphism theorem, we get the final statement in the theorem. O

Finally, we come to the fourth isomorphism theorem, which is arguably more important than the last
two:

Theorem 1.83 (Fourth or Lattic Isomorphism Theorem / Correspondence Theorem). Let G be a group and
let N Q G. Then, there is the following bijection:

{ Subgroups A < G s.t. N C A} < { Subgroups A= A/N < G/N}.

In particular, any subgroup of G/N is of the form A/N for some subgroup A of G containing N.
In particular, the bihection has the following properties: forall A,B < G with N < Aand N < B:
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1. A< Bifandonly if A < B (recall that A = A/N)
2. if A< B, then |B: Al = |B : A]

3. (A,B) = (A, B)

4. ANB=ANB

5. A< Gifandonlyif A< G.

Observation. In all the theorems and examples, we have constructed homomorphisms on quotient groups,
i.e. homomorphisms of the form ¢ : G/N — H. In some of these cases, the value of @ on the coset gN is
given in terms of the representative g alone. We then had to prove that o is well-defined (i.e. the value of
i on the coset was independent of the choice of g). Now, we can get a homomorphism ® from G to H that
makes the following diagram commute:

G " G/N

In terms of these constructions, we have that

v is well-defined on G /N if and only if N < ker ®.

1.12.  GROUP ACTIONS
Recall: a group action of a group G on a set A is a mapping G x A — A such that:
1. g1-(g92-a) = (g192) -aforall g1,g2 € G,a € A
2. 1g-a=a,Va € A.
With this, for each g € G, we can define a permutation of A by
g A=A, o4(a)=g-a.

We can also define a permutation representation associated to a given group action by the following
homomorphism:
©:G =S4, plg) =0

Furthermore, we defined the following:

1. The kernel of a group action of G on A is the set {g € G | g-a = a,Va € A}. The kernel of the
group action is the same as the kernel of the corresponding permutation representation. Therefore,
the kernel of a group action is a normal subgroup of G.

2. For each a € A, we have the stabilizer of ¢ in G whichis the set G, :={g € G | g - a = a}.
3. The group action is called faithful if the kernel is the identity 1.
Note:

1. Two group elements g and ¢’ induce the same permutation on A (i.e. 0, = o) if and only if they
are in the same fibre of the permutation representation . This happens if and only if they are in the
same coset of the kernel.

2. An action of G on A is a faithful action of G/ ker ¢ on A.

Example 1.84. Consider the action of S, on A = {1,2,--- ,n} (where n € Zso) by 0 -i = o(i). In this
case, the permutation representation is the identity map, i.e. ¢ : S4 — Sa by (o) = o. The action is
faithful and, for each ¢ € {1, -- ,n}, the stabilizer G; is isomorphic to S, 1.
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We saw that given a group action of G on A, we can define a permutation representation, which is a
homomorphism ¢ : G — S4. This can be reversed: if ¢ : G — S4 is a group homomorphism, we can
define a group action of G on Aby g - a = ¢(g)(a). This is summarized in the following:

Proposition 1.85. For any group G and a non-empty set A, there is the following bijection:
{ group actions of G on A} <> Hom(G, Sy).
Given this result, we can redefine permutation representations as the following:

Definition 1.86 (Permutation Representation). If G is a group, then a permutation representation of G is a
homomorphism

QD:G—>SA

where S 4 is the symmetric group for some non-empty set A. We say that a given group action of G on A
induces a permutation presentation of G.

Note that in the case where A is a finite set of n elements, we can also say that S4 = S,,.

Proposition 1.87. Let G be a group acting on a set A # (). The relation on A defined by a ~ b if and
only if a = g - b for some g € G is an equivalent relation. For each a € A, the number of elements in the
equivalence class containing a is |G : G|, the index of the stabilizer of a.

Proof. To show that this is an equivalence relation. First, a ~ a since a = 1 - a by definition of a
group action, i.e. the relation is reflexive. Secondly, if a ~ b, i.e. a = g - b for some g € G, then
g’1 -a = g*1 +(g-b) =1g-b=b,s0b ~ a, ie. the relation is symmetric. Finally, if a ~ band b ~ c,
thena=g-bandb= g -cforsome g,g' € G. Then,a=g-b=g-(¢'-¢c)=g-cwherej=g-¢' € G,
SO a ~ ¢, i.e. the relation is transitive.

To prove the second statement, we construct a bijection between the left cosets of G, in G and the

elements of the equivalence class of a. Denote the equivalence class of a as
Ca={g9-algeG}

Now, suppose b = ¢ - a € C,. Then, gG,, is a left coset of G, in G. The map b = g - a — gG,. Then, gG,
is a left coset of C, in G. The map b = g - a — gG, is a map from C, to the set of left cosets of G, in G.
This is surjective since for any g € G, the element g - a is an element of C,. Since g - @ = h - a if and only
if =g € G, if and only if gG, = hG,, the map is injective, so this is a bijection. O

1.13. CycLE DECOMPOSITIONS

Definition 1.88 (Orbits). Ler G be a group acting on A # (). Then, the equivalence class {g-a | g € G} is
called the orbit of G containing a.

Proposition 1.89. Every element of the symmetric group S,, has a unique cycle decomposition. In other
words, every element can be uniquely expressed as a product of disjoint cycles.

Proof. Let A={1,--- ;n}andletoc € Sy = S,. Now, consider G = (o). Then, G acts on A and, so, it
partitions A into unique set of disjoint sets, i.e. the orbits.
Now, consider a fixed orbit O = {g-z | g € G} of G containing x € O. Then, there exists the following
bijection:
{ left cosets of G, in G } +> { elements of O}

(recall that G, = {g-x | g € G's.t. gr = x},s0in our case G, = {0/ | 07 € Gs.t. 0z = z}) by
oG, < o'x.

Since G is cyclic, we know that G, < G and G/G,, is cyclic of order d which is the smallest positive
integer such that 0% € G,. On the other hand, because of the bijection, d = |G : G| = |O|. Then,
there are d distinct cosets of G, in G which can be written as {G,0G,, %G, - - - ,ad_le}. Using the
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bijection, the distinct elements of O are {z, 0z, 0%, - -- ,0% 'x}. Therefore, o is a d-cycle. This allows

us to conclude that each ¢ has a cycle decomposition.

Now, the ordbits of {c) are uniquely determined by o. Within each orbit, O, we can begin with any
element as a representative — edifferent choices simply produces a different cyclic permutation of the
original list. As such, the cycle decomposition is unique up to a rearrangement of the cycles and up to a
cyclic permutation of the integers within each cycle. O

Definition 1.90 (Permutation Groups). Subgroups of symmetric groups are called permutation groups.

For each subgroup G of S,,, the orbits of G will refer to its orbit on {1,2,--- ,n}.

1.14. CAYLEY’S THEOREM AND THE GROUP ACTION OF LEFT MULTIPLICATION

Let GG act on itself via left multiplication, i.e. g - a = ga, Vg, a € G. Note that if G is written additively,
then ga = g+ a. Now, if G is finite, we can label its elements as {g1, - - - , g» }. Then, each g € G describes
a permutation o, € S, via

oq(i) =Jj < 99i = g;-
This group action, by left multiplication, is both transitive and faithful, as we will see in the next proposition.

The stabilizer of any point is the identity subgroup.
Now, let H < G be a subgroup. Let

A = {left cosets of H in G}.

Then, G also actson Aby g -aH = gaH,Vg € A,aH € A. Note that if H = {1}, then aH = {a} and,
so, this action is the same as G acting on itself via left multiplication. Similar to the case for A{1,--- ,n},
if H is finite index m, we can label the cosets of H with the integers from 1 to m.

Proposition 1.91. Let G be a group andlet H < G be a subgroup. Let G acton A = { left cosets of H in G }.
Let myr be the permutation representation of this action:

g :G— Sa.
Then,
1. G acts transitively on A
2. the stabilizer in G of the point 1y € A is the subgroup H.
3. the kernel of the action, i.e. ker wy, is NgeqrHz 1.
4. ker my is the largest normal subgroup of G contained in H.

Proof. To prove (1), we show that there is only one orbit of this group action. Let aH,bH € A. Then, let
g= ba~—!. Then, g-aH = bH, so any two arbitrary elements fall into the same orbit.
To prove (2), we note that the stabilizerof 1z is{g € G |g-lgp =1y} ={9€G|gH =H}=H.
To prove (3), we calculate as follows:
kermy ={g€G|g-2H =zH,Vz € G}
={geG|(z 7 'gx)H = H,Vx € G}
={gcG |2 tgrc HVzcG}
={geG|gexHz ' Vo G}
= ﬂxerfol.
To prove (4), we know already that ker 7 <1 GG (by first isomorphism theorem) and ker 7y < H. To see
the latter, let z = 1 and we get that ker 7y C H. Now, since kermy < G, forany h € H, hkh™! € ker gy

for any k € ker 7y, so kermy < H. Now, let N < G such that N C H. Then, N = aNz~! < zHz!
for any 2 € G. Then, N C NyegrHz ™' = ker 7p. O
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Theorem 1.92 (Cayley’s Theorem). Every group is isomorphic to a subgroup of some symmetric group. In
particular, if G is a group of order n, then, G is isomorphic to a subgroup of S,,.

Proof. Let H = 1. Let G act on itself via left multiplication, which can be seen as G acting on A =
{left cosets of H in G}. This gives us a homomorphism 7 : G — Sg. Now, by the previous proposition,
kermy < H, soker mg C 1g. This means, ker 1y = 1. Therefore, G = imry < Sga. O
1.15. CLASSIFICATION OF FINITELY GENERATED ABELIAN GROUPS

We first recall the definition of a direct product of groups:

Definition 1.93 (Direct Product of Groups). The direct product Gy x Go X - -x G, of the groups G1, - - - , Gy,
is the set
{(g1,,9n) | 9i € G4}

with the component-wise operation:

(915 sgn) - (g1 2 90) = (9191, GnGh)-
Note that one can take the direct product of infinitely many groups as well.
Example 1.94. Let G; = R. Then, R* =R xR x --- x R.
Theorem 1.95. If G1,Gs, - - - , G, are groups, then

|Gy X -+ x Gp| = |G1]|G2] - - |Gyl

In particular, the direct product Gy X - - - x Gy, is also a group.
Proposition 1.96. Let G1,Go, - ,G,, be groups and let G = G1 X -+ X G,

1. Foreach i,
ng{(:l? 517gi717"' 71) |g’L S GZ}

Identifying the right hand side as G;, we can say that
G; 4G

and
G/GigGlX---XGi,1XGi+1X~--XGn.

2. For each fixed i, define
G — G

by
mi(g1, s Gn) = Gi-
Then, m; is a surjective homomorphism and
kerﬂ-i = {(917 oy 0i—1, 17gi+17' o ’gn) | gj € GJVJ ;é 7’}

In particular,
kerm—%Gl X---XGZ',1 XGi+1 ><~--><Gn.

3. Under the identifications in part (1), for all v € G; and for all y € G with j # i, xy = yx. Here we
are viewing G; and G ; as normal subgroups of G.

Definition 1.97 (Finitely Generated Groups). A group G is called finitely generated (f.g.) if there is a finite
subset A C G such that G = (A).

Definition 1.98 (Free Abelian Group). For each r € Z withr > 0, we let Z" = 7Z X --- X Z (where we
define Z° = 1). Then, 7" is called the free abelian group of rank r.
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Theorem 1.99 (Fundamental Theorem of Finitely Generated Abelian Groups). Let G be a finitely generated
abelian group. Then,
G=L" X Zpy X Zpy X -+ X L,

where r,ny,--- ,ns € Z such that:
1. > 0andn; > 2 forall j
2. g1 | niforalll <i<s—1

In particular, the expression is unique in the following sense: if G = 79 x Z,,, X --- X Z,, such that the
integers satisfy the conditions above, then r = q, s = t, and n; = u;.

Definition 1.100 (Free Rank, Invariant Factors). The integer r in Theorem 1.99 is called the free rank of
the group G. The integers ny, - -- ,ng are called the invariant factors of G.

Observation. Recall that the cardinality of the direct product of a set of groups can be written as |G1 X
<+ X Gpl = |G1| - |Ga| - - - |Gyl Inlight of this, we can see that in Theorem 1.99,

G is finite if and only if its free rank is 0, i.e. r = 0.

Observation. Suppose G is a finite abelian group. Then, we can see that, with the decomposition as in
Theorem 1.99,:
S
i=1
Therefore, to classify all finite abelian groups of order n, we must find all sequences ny,--- ,ng of integers
such that:
1. nj >2forall j
2. nyy1 | niforallie{l,---,s—1}
3. n1-Ng =N
In particular, we also see that
* nq is the largest invariant factor
e each n; must divide n
* if pis a prime factor of n, then it must also divide n; for some i € {1,--- | s}
* if p divides n;, then it must also divide all n; for i < j
e Every prime divisor of n must also divide n,.
e In particular, if n is a product of distinct primes, then n = n;.

Corollary 1.101. If G is a finite abelian group of order n such that n is the product of distinct primes, then
G is isomorphic to Z,,. In other words, the only abelian group of order n is, up to isomorphism, Z,,.

Theorem 1.102 (Elementary Divisor Decomposition of f.g. abelian groups). Let G be a finitely generated
abelian group of order n > 1 such that the following is the prime factorization of n.:

n:p?l ...pzk.
Then,

1. G= Ay x Ay x -+ x Ay, where |A;| = pj.
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2. foreach A € {Ay,---, Ay} such that |A| = p®, we can write:
AZ s X Zppy X o0 X Ly,
where f1 + -+ By =«aand y > -+ > [ > L.

3. This decomposition is unique in the sense that if G = By X - -- X Bg with |B;| = p"* for each i, then
B; =2 A;and k = s.
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A. FEUCLIDEAN ALGORITHM, BEZOUT’S IDENTITY

Euclidean Algorithm The Euclidean Algorithm is an algorithm for finding the greatest common divisor
of two non-zero integers a and b.

a=qob+19 3)
b=qro+m 4)

To = 271 + T2 &)
T1=q3r2 + 713 (6)
Tn—2 = (qnTn-1+7Tn (7N
Tn—1 = qn+1Tn- 3

Here r,, is the last nonzero remainder. Such an r,, must exist since
[b] > |ro| > |r1| > -+ > |ry

is a strictly decreasing sequence of positive integers whenever the remainders are nonzero, and therefore the
process cannot continue indefinitely. The final nonzero remainder r,, is the greatest common divisor of a
and b, i.e.,

ged(a, b) =1y, =: (a,b).

Bézout’s Identity Let a,b € Z, not both zero. Then there exist integers = and y such that
az + by = ged(a, b).

In other words, the greatest common divisor of a and b can be written as an integer linear combination of a
and b.
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