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Preface

This document is a combination of notes from CS 224R taught by Prof. Chelsea Finn at
Stanford University, CS 234 taught by Prof. Emma Brunskill at Stanford University, and CS
285 taught by Prof. Sergey Levine at UC Berkeley, as well as reading notes from various papers
(in particular, Richard Sutton and Andrew Barto’s ”Reinforcement Learning: An Introduction”

[1)-

Although these are reading notes, there may be various errors throughout, both minor and
major, which did not appear in the original works that I was reading. If you find any, please
let me know by sending me an email at jubayer@stanford.edu. I have also not been able
to stick to the same notation throughout these notes and I apologize for that - in my defence,
reinforcement learning is notorious for a lack of universal notation. Hopefully, the inconsistencies
are not too troublesome.


mailto:jubayer@stanford.edu
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1 Markov Decision Processes

1.1 Framework

For the majority of these notes, we will consider the framework of a Markov Decision Process
(MDP), represented as (S, A, p, T, po,7, H), where S is the state space, A is the action space, p
is the transition dynamics, R is the reward function, py is the initial state distribution, v € [0, 1]
is the discount factor and H is the task horizon (which could be positive infinity).

In this setting, the agent interacts with the environments continually which results in observed
rewards. We say that the agent interacts with the environment at time steps t € Z* (the set of
positive integers).

The reward function is r(s¢, a;) = E[r|S; = s¢, Ar = a4] i.e., the expected reward from taking an
action from the current state. Here we are assuming that the reward after taking action a; from
state s; has a distribution and r(s¢, a;) is the mean of that distribution. However, the reward
could also be deterministic in which case the mean would collapse to the deterministic value.
Eitherways, we will use the shorthand r; := r(s¢, ay).

A finite MDP is an MDP such that S, A and R are finite sets. In finite MDPs, the transition
probabilities and the distribution over rewards are discrete distributions.

The MDP framework is a neat abstraction of sequential decision-making. As [1] describes, the
action can be low-level (e.g. voltages applies to the motors of a robot arm) or high-level decisions
(e.g. spend more money on a book or not). The states can be low-level sensations (e.g. direct
sensory readings) or high-level information (e.g. symbolic descriptions of objects in a room or
even images).

Definition 1. (Policy). A policy refers to an agent’s distribution over actions at each state i.e.,
w(als) := P(A; = a|S; = s).

Note that a policy can be deterministic too, in which case 7(als) can be written as a Dirac-delta
distribution.

An episode refers to ”"one play of the game” i.e., our agent ends up in the terminal state or the
agent has taken H actions after which the environment is reset. For example, a game of Chess is
an episodic task - even if the agent plays multiple games, the next episode begins independently
of how the previous episode went. We sometimes denote the set of all terminal states as S*.

Goal of reinforcement learning: Our agent seeks to maximize the expected discounted sum
of rewards i.e.
H
max E by .

Note, the expectation is taken over the distribution of the random variables s, as, s¢41, Gi11, - - -
induced by transition dynamics p(sy41 | ¢, ar) and the policy w(ay|sy) for all ¢/ € [0, H]. Also



note that the goal is not to maximize immediate reward but the cumulative reward in the long
run.

1.2 Values

Definition 2. (Return). The total return from a trajectory from time ¢ ownards is
Gi=ritrii+-+rm
if H is finite. When we use the discounted sum of rewards (especially for non-episodic/continuing

tasks), one can define the total discounted return even for infinite horizon tasks

o0
Gy =1+ yreer + ’727“t+2 +--= nykrt+k.
k=0

Then, we see that the goal of reinforcement learning is to maximize the expected total return
from a trajectory. For most of these notes, I will try to be consistent and assume that H is
infinite for the sake of simplicity.

Note: if v < 1, then G is finite as long as the rewards 7/, Vt', are boounded. We either require
horizon H to be finite (episodic tasks) or, if H = oo (continuing tasks), we require v < 1.
Otherwise, the value V,(s) could blow up.

Note that we also have the following: Gy = ry + vGyi1.

Definition 3. (Optimal Policy). The optimal policy is defined as:

Z’ytrt | 7, s]
t

7*(als) = argmaxE,

Now, we introduce some more constructions that help express the goal of reinforcement learning
- maximizing the expected (discounted) sum of rewards. To do so, we define the following:

Definition 4. Value function. Given a policy m, the value function of 7 refers to the expected
sum of (discounted) rewards when starting from a given state s and acting according to 7. For
generality, suppose H = oo, then this can be written as:

o0
Vﬂ(s) =E, Z’Yth m, Sy = ;| .
t=0
Note that the expectation is taken over trajectories sg, ag, 7o, $1, 1,71, -+ where apy ~ (- | s¢/)

and spy1 ~ p(- | sg,ap) for all /. Furthermore, note that the value of the terminal state is
always zero (since no action is taken at the terminal state and, therefore, no reward is observed).



(This notation is not universal;, sometimes people write V™ (s),v(s) or V(s;m) to mean the
same thing.)

Lemma 1. We have the following recursive relationship for the value function:

Vﬂ—(s) =K a~m(als) [r + VVW(S/) | So = 8] .

s’ ,r~P(s',r|s,a)

This is called the Bellman equation for V™.

Proof. The derivation is as follows:

Va(s) =Eq [Z virelse = s] .

t=0

o0
= ]Eﬂ- ro + Z’YtTtLQO = S‘| .
t=1
o0
=B [ro] + Bx |- D> 7' 'rilso =
t=1

= ZW(G|80 =3) ZP(S',T|5, a)[r] + Zﬁ(a\so =5) ZP(S/,T|S, a) [VEx [Ge41]S1 = §'])

s',r

=Y wlals) Y P(s',rls,a) [r+ V()]
=K a~m(als) [T + VVW(SI)}
s’,r~P(s',r|s,a)

O

We then see that the goal of RL is to find the optimal policy defined by 7(a | s) = argmax, V™ (s).

Intuitively, V7 (s) is telling us, on average, how ”good” we are when we start from state s and
follow policy 7 (here ”good” refers to the expected total return).

However, sometimes we might be interestd in the following question - instead of following policy
7 from state s, what if we take a specific action a and then follow policy 7. In other words, we
are trying to understand the value of taking a specific action a over the trajectory induced by
our policy 7.

Definition 5. (State-action value function/action-value function/Q function.) The Q-value of
an action from a state or the state-action value function is defined to be

Qr(s,a) =E, lZ’ytrt‘So =35,A0 = a] .
t=0



Intuitively, Q. (s, a) refers to the expected sum of discounted rewards from taking action a from
state s and then following policy 7 from then on.

Lemma 2. We have the following alternative expression of the action-value function in terms
of the state-value function:

Qr(s,a) =Ey rops ris,a) [r +7Val(s)|So = s, Ag = a .

Lemma 3. We can express the state-value function in terms of the action-value function as
follows:

Vﬂ'(s) = IEGNTI'("S) [Qﬂ(sv a)|$] .

1.3 Optimal Values and Policies

Definition 6. Optimal value function and optimal action-value function. The optimal value
function is the expected sum of discounted rewards when starting from a given state s and acting
optimally:

H
V*(s) = maxE, lz Yire|m, so = S]
" t=0
= max V(s).

Similarly, we define

Q«(s,a) = max Qr(s,a).

In other words, Q. (s, a) is the value of taking action a and then acting optimally. We have the
following relations
Vi(s) = max Q. (s, a)

and
Qu(st,ar) = E[re + yVi(s141) | 51, ae]-

Definition 7. Optimal policy. We say m > 7’ if and only if V(s) > V,/(s) for all s € S. The
optimal policy 7 (s) is
7. (8) = argmax V(s).

Note that 7, need not be unique.

Lemma 4. For an infinite horizon problem i.e H = oo, the optimal policy is deterministic, sta-
tionary (i.e action distribution at a given state does not depend on the time) and not necessarily
unique.

Why do we care about value functions and action-value functions? This is because knowing
these would help us find the optimal policy fairly easily. Here are two ways you can do it:



1. If we have a policy m and we know ¢, (s, a), we can set the optimal policy to be
*(a | s) = 1{a = argmax ¢, (s,a’)}. (1)
a/

In other words, the optimal policy could just take the optimal action in terms of ¢, (s, a).
If we define this for every state, then we could get an optimal policy regardless of what m
we use in equation 1. Note that this would make a deterministic policy.

2. if policy mg(a | s) is parametrized by parameters 6, we could update these parameters such
that mg(als) for any good action a is maximized. In other words, if action a is such that
G=(s,a) > V. (s), we maximize my(a | s) (increase probability of that action being taken).

1.4 State Distributions

We will often require some notion of the distribution of states visited or distribution of states
we might start from.

e P(sg — s,k,mp) is the probability of reaching state s from sg in k time-steps under policy
. We can calculate this as follows:

k-2
P(sg — s,k,m) = P(s0) H Z m(as | 8¢)P(St41]8¢t, at) Z m(ak—1 | Sk—1)P(sk = 8|8g—1, ap—1)-
t=0 \a¢,st4+1 ak—1

o p™(s) = Y 1o oV*P(so — s,k,m) is the improper discounted state distribution. This is
called improper because this does not sum to 1.
lled i b this d t to 1

o d™(s) == (1 —7) Y2 P(so — s,t,m) is the distribution over all states induced by .
This is called the stationary distribution of Markov chain for 7. The factor (1 — ) is a
normalization constant and this distribution simply discounts states visited later in time.

1.5 Partially Observed MDPs

We frequently find ourselves working with partially observed MDPs (POMDPs). In this setting,
the agent has access to observations and not the states. These observations contain noisy
and/or incomplete information about the state. In these settings, the agent’s action depends on
a history of observations and not just the most recent observation. In other words, a; ~ (- | hy)
where h; = (09, ag, 01,01, - ,a1-1,0¢) (here oy is the observation at time step t').

1.6 Oversimplified Overview

With this, we can now give an overview of various methods discussed in these notes:



1. value-based methods: here we first try to estimate either the value function or the action-
value function of a policy by interacting with the environment and collecting rewards.
Once we have estimated the value of the policy, we update the policy and then we repeat.
While this works for relatively small state and action spaces, for larger ones, we would
requite value function approximation methods.

2. policy gradient methods: directly learn the optimal policy mp parametrized by 6. We learn
this by updating 6 so as to maximize the expected value. For these methods, we would
still require some estimation of the value of the policy or, at the very least, returns from
a policy.

3. model-based reinforcement learning: learn the transition model i.e. the transition dynam-
ics of the environment. Once we have this transition model, we can use it for planning or
improving a policy.

Generally, the algorithms we consider will be characterized as one of two things:

1. off-policy: these algorithms can collect experiences (experiences are lists like
Sty Gty Tty St41, Qtd1, Te41, - - - Sem) Using a policy mg and use that to update a different
policy my.

2. on-policy: to update any policy m, we require experiences collected using policy 7. In
other words, we cannot use experiences from other policies to update this policy.

While on-policy methods can give us more reliable signals to help us update our policy, off-policy
methods are more sample efficient.



2 Policy Gradient Methods

In policy gradient methods, we directly parametrise the policy to be my(als). Our goal is then to
find 7y that maximizes expected returns. In the other algorithms we have seen so far, we tried
to estimate the value of a policy and then improved it, whereas, in the case of policy gradients,
we will directly aim to learn the optimal policy. We may still learn a value function in order
to help learn our parametrized optimal policy, but the value function will not be required for
our action selection (in the sense that, when selecting which action to take, we will not query
the value function - the value function is only used to help us update our policy my). Methods
that incorporate both a parametrized policy and a parametrized learned value function are often
called actor-critic methods. For policy-based methods, we have no value function, but only a
learned policy.

Policy gradient methods are useful for generating stochastic policies. A useful example of a
parametrized policy to keep in mind is a Gaussian policy (especially for continuous action spaces)
that is parametrized as a ~ N (pg(s), X) =: (- | s) (we usually set X to be a diagonal matrix).
The policy can be parametrized in any way as long as it is differentiable with respect to its
parameters. More complex parameterizations can be used; the choice of policy parameterization
is sometimes a good way to inject prior knowledge about the desired form of the policy into
the reinforcement learning system. In any case, we generally want to encourage the policy
to explore and, to do so, we usually require that the policy never becomes deterministic i.e.
mo(a | s) € (0,1),Ys,a.

Policy gradient methods are usually suitable for continuous action spaces and for high-dimensional
action spaces. However, a common phenomenon with policy gradient methods is that these poli-
cies tend to be hard to evaluate and can have a high variance.

Recall: we will require the following notions of distributions over states that we introduced
before in section 1.4:

o P(sg — s, k,mp) is the probability of reaching state s from sg in k time-steps under policy
Y.

o p™(s) =Y 1o V*P(so — s, k,mp) is the improper discounted state distribution.

o d™(s) == (1—7) > 27" P(so — s,t,mp) is the distribution over all states induced by g
be. The factor (1 — ) is a normalization constant and this distribution simply discounts
states visited later in time.

Overview:

e On-policy algorithms: REINFORCE, REINFORCE with baseline and actor-critic al-
gorithms. These algorithms require sampling trajectories with the parameters at each
iteration and then making updates to the policy.

e Off-policy algorithms: Off-policy actor-critic, SAC, etc. These algorithms collect trajec-
tories using a behavior policy which are then used to update potentially different policies.

10



2.1 Deriving the Policy Gradient

In this note, we will cover episodic tasks. Let V(6) = V;,(so), where sg is the starting state
(which we consider to be fixed for simplicity) and the dependency on 6 specifies that the value
depends on the policy 7. Policy mg can be any distribution. For example, we may use a
Gaussian policy and write mg(als) = N (£, a1 network (5)s )-

Now, we want to maximize V' (6):
V(0) = Vr, (s0)
= Z 7‘-9(@‘30)@#9 (50’ a)

a
= Py(r)R(7)
-
where Qr, (0, a) is the expected reward attained under the policy 7y after taking action a from

state sg. Pp(7) is the probability of trajectory 7 = (so, o, ro, S1, ----s ST—1, @T—1, F'T—1, ST) Under
policy mg and R(7) is the total reward from trajectory .

Lemma 5. VoV (0) =Y R(7)Py(1)Vglog(Py(T))

Proof.

VoV (0) = Vg Zpe(T)R(T)

= Z R(T)VQPQ(T)

_ Py(7)
- Z: R(r) Pz S VoP(T)

(
~ S R(r) ng:; Vo Py(r)

= R(r)Py(1)Vylog(Py(r))

I

Now, using Lemma 5, we see that

VoV (0) = Ep,[R(T)Vg log(Py(7))].

We can also get an approximation for our update rule:

VoV(6) ~ - > R(rO)Vylog(Py(r?)).

i=1

11



However, we still don’t know how to compute the gradient of the log-probability. For that, we
need the following lemma:

Lemma 6. Vglog(Py(7)) = ZtT;Ol Vo log mg(a|st)

Proof.

Vg log (Py(7) = Vg log <p(50) H 7T9(at|5t)P(5t+1|5taat)>
=0

T—1
= Vylog (p(so)) + Z log mg(a¢|st) + log P(s41]8¢, at)
t=0
T—1
= Vo log(me(as|st))
t=0
O
With Lemma 6, we get the following tractable update rule:
T
VoV (0) = Erupy(r) [(Z Vo log mg(at|st) > (Zr S¢, Qy )] .
t=0 t=0
We can easily compute this as long as we can take the derivative of log mg(a | s).
2.2 Policy Gradient Theorem
We generalize this approach through the policy gradient theorem [1]. First, we consider an

episodic task.

Theorem 7. (Policy Gradient Theorem (episodic case)) Suppose, our task is episodic. Fur-
thermore, suppose, our start state is so for all trajectories. Then,

VoV (0) =D 0™ (5) Y Qn,(5,a)Vomo(als)

= ]Esrwp’re (s),a~mg(als) [Qﬂ'e (Sa a)vﬁ’ IOg iy (CL‘S)}

12



Proof.

VQV(H) =V (Z 779(0“|8)qﬂ'9 (S’ a))
= (Vemo(als)) g, (5,0) + o(als) Vogr, (a, 5)

=Y (Vomo(als)) ary(5,a) +mo(als)Vo [ D pls'rls,a) (r + Vi, ()

s’ \T

= > (Vomo(als)) 4r (5,a) + mo(als) [ D p(s',rls,a)y - Vo (Vi (s'))

s’ \T

=" Vomo(als)an, (5. a)+

als) Zp(s'\s, a) - <Z (Voro(a'|s')gry (s, 0')) + mo(d[s') > P(s"|s' 0/ )y - VViy(s”)

a’ Y

= ZZIP’ so = x, k,mp) kZV(ﬂre (a|z)gr, (2, a)

z€S k=0

= Zp” (s) ZVgWg(a|s)q7r9(s,a)

O

We derived the policy gradient theorem for the episodic setting. Now we suppose our task is no
longer episodic. Again, let us assume that the initial state is fixed sg. In this case, we define

V(a) - hh—I>noo 7ZE71'9 Rt = hm E9 [LNﬂ'g Rt Z,U ZWQ(Q‘S)ZP(S/7T|S,CL)T

where pu(s) := limy—so P(s; = slap.s ~ 7). We call pu(s) the steady-state distribution i.e. we
say that as time progresses, the probability of being in a state s converges. We assume that
this distribution is independent of the initial state, which is called an ergodicity assumption.
In particular, if we execute actions by sampling from the policy 7y, then we remain in this
distribution:

> ()Y molals)p(s’ | s,a) = p(s)
for all s’ € S.

13
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In the continuing case, we define

Gt =Rip1 — V(@) + Riga —V(O)+---
and using this, we define, Vy,(s) := Er,[G¢|st = $], ¢r, (8, a) = Erp [Gilsy = s, a1 = al.
We prove the following theorem, which is analogous to the episodic setting:

Theorem 8. (Policy Gradient Theorem (continuous case)) Suppose, our task is continuous.
Furthermore, suppose our start state is so for all trajectories. Then,

VoV (0) x Z wu(s) Z Qry (8,a)Vomo(als).

Proof.

VoV, (s) =V

Z 7o (als)qr, (s, a)

= [Vomo(als)gr, (s, a) + o (als) Vogn, (s, )]

a

= |Vomo(als)ar, (s,a) + mo(als)Vo Y P(s',rls,a)(r — V(0) + Vi, (s)

= Z Vomo(als)qr, (s,a) + mg(als)[—VeV () + ZP(3'|s,a)Vng(s’)]1

VeV (0) = Z Vomo(als)qr, (s,a) + mg(als) ZP(S’|S, a)VoVy,(s')

a s/

- VQVTFG (5)

Now, the left hand side is independent of s, so we can do a weighted sum over s (weighted by

14



p(s):
S uCvov0) - 3t (3
& VoV () = iu Zavem(GIS)qm(&aH
Z/‘ 2”9 ZP (s']s,a) VoV, (s Z“ $) VoV, (s
= Zu )Y Vomo(als)gn, (s, a)+
ZZu s aZwa(aLs) (s']5,0) VoV, (5 Zu $)VoVry (s
ZZM va als)qx, (s, a +Z“ VoV, (s Zﬂ $)Vo Vi, (s
— ZS:M (s qu 5,a)Vomg(als)

Vomo(als)gr, (s,a) + mg(als) Z P(s'|5,a)VeVr, (s

- V9V7Te (S)>

where in the second last line we used the fact that u(s") = >, u(s) >, me(als)P(s'|s, a). O

This is a very interesting and powerful result - the fact that the same theory holds for both
episodic and non-episodic tasks after the simple, understandable redefinition of G;. In fact, the
new way of seeing G is similar to the introduction of baselines in methods like REINFORCE.

2.3 REINFORCE

Using our derivation, we have our first policy gradient algorithm. So far, we have:

T T
VoV (0) = Erupy(r) [(Z Vo logﬂg(at|st)> (Z r(st/,at/)>] )

t=0 t'=0

REINFORCE is an on-policy algorithm that approximates this by sampling multiple trajectories
rolled out by policy 7y and then letting:

1 m T T
VoV (0) = p. Z (Z Vi log W@(ai,t|si’t)> (Z r(si, ai’t/)>

i=1 \t=0 t’'=0

Intuitive interpretation: One way to interpret this update rule is to note that we are max-
imizing the log-likelihood of each trajectory sampled - except we are weighing them by their

15



returns. In other words, if a trajectory yields higher returns, we are increasing the log-likelihood
of that with a larger weight than one that yields lower returns.

Problems with REINFORCE:

1. Since this is an on-policy method, we require sampling multiple trajectories for each update
to the policy.

2. The algorithm has high variance since the trajectory samples are often quite noisy (es-
pecially in most real-world environments). More precisely, ZtT,:l r(8;,¢/,a;,) has high
variance. As such, REINFORCE is a quite slow algorithm in most cases.

We will next introduce a couple of algorithms that are aimed towards solving these issues.

2.4 REINFORCE using causality

The update rule we derived so far is

1 m T T
VoV (0) ~ - Z (Z Vo logm(ai,t|si,t)> (Z r(sivt/,ai,t/)> .

i=1 \t=0 t'=0

Recall the intuition we provided in the previous section: we are maximizing log probability of
each action weighted by the "goodness” of the action i.e. the returns achieved by executing
the action. Now, notice that the action at time ¢ cannot affect the rewards at time t' < ¢. In
other words, when we maximize the log-likelihood of taking a particular action a;; from a state
5i,¢, should we really weigh it by the reward attained from the entire trajectory? Intuitively, it
makes more sense to weigh it by the rewards attained from that time ¢ onward in the trajectory
i since only the rewards attained after executing a;; gives us a signal for how good the action
is. With this in mind, we have the following modification:

1 m T T
VoV (0) = . Z (Z Vo logﬂg(ai7t|si,t)> (Z r(siyt/,ai,t/)> .

i=1 \t=0 t'=0

The term Zfzt r(si,ai) is called reward-to-go. In other words, we are using the ”reward to
go” from time ¢.

16



Algorithm: REINFORCE (with causality)

1: Initialize policy parameters 6
2: for iteration = 1, 2, ... do
3: Collect a set of trajectories {7} by running the policy mg(ay|st)
for each trajectory ¢ do
for each timestep ¢ in 7% do
Compute return: G% = ZtT,:t r(si,, at,)
end for
end for
Update the policy parameters:
VoV (0) ~ 32, >, Vologma(ay|sy)G
0+ 0+ aVeV(0)
10: end for

Intuitive interpretation: we are updating the policy parameters by taking a step in the
direction of VoV (0) ~ >, >, (Vglogmg)Gi. Focus on the term >, >, (Vglogmg). A step in
this direction is essentially maximizing the probability of A = a | s under 7y, which is what
maximum likelihood estimation does! Since this is scaled by G, it takes a step in a direction

that is closed aligned with high G actions i.e., actions that we expect to give higher returns.
Here is a more formal derivation of this causality idea:

So far, in the derivation of the policy gradient, we assumed we wanted to maximize E.,[R(7)].
What if we instead choose to maximize the reward at one time-step, r;, only? Following the
same steps of derivation, we would arrive at

V9E‘n'e [Tt] = Eﬂe

t
Z Vo logﬂg(at/ ‘ St’)Ttl .

t'=0

Now, we can take the sum of rewards over time ¢’ =0,--- ,T to get

T t
VOETI'Q [Tt} = Tl'g Zr Z 91Og 7T0 Qg | St’)]
=0 /=0
T T
=E,, Z Vologmg(as | st) Z rt/] .
t=0 t=t

17



2.5 REINFORCE with baseline

To further reduce variance, we introduce a baseline:

m T T
VoV (0) = %Z (Z Vi log Fg(ai,t|8i7t)> (Z T(Sie,aip) — b(si,t/)> .

i=1 \t=0 t’=0

where b is any arbitrary function as long as it does not depend on a;.

Intuitive explanation: in REINFORCE, we sample trajectories and maximize the log prob-
ability of actions based on how good they were. Subtracting an appropriate baseline (we will
discuss what are appropriate baselines soon) is equivalent to asking ” Are the returns from this
action better than expected?” We choose a baseline that gives us a sense of Vi, (s;/) because
that is the expected returns from the state.

What baseline should we choose? We usually choose baselines that are either constant or
depends only on s;+ but not on a; 4.

1. We usually select b(s) = Err, [r(7) | 80 = 5].
2. We could also use a learned state-action value function parametrized by ¢,
ve(se) =: b(sy).
Note that either choice gives is an unbiased modification of the original update rule derived
from the policy gradient theorem:

Proposition 9. Subtracting the baseline b (that does not depend on action) is unbiased in
expectation i.e.,

VoV (0) =Y 0™ (s) D (Qny(s.a) = b(s))Vomo(als)

Proof. The proof follows from the fact that b(s) Y, Vemg(a | s) = b(s)Ve_,ma(a | s)
b(s)Ve(1) = 0.

oo

We can actually find the baseline that reduces the variance the most in a principled manner:
2.
Proposition 10. b= W minimizes the variance:

Var :=E,p,(r) [(Volog Po(7)(r(r) = b))*] = Erwpy(r) [V log Po(r)(r(r) = b)]*.

Here g(7) is the gradient Vg log Py(7).

Proof. Take the derivative with respect to the baseline b and, after a little bit of algebra, you
get the desired expression. O
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In other words, the optimal baseline is the expected reward but weighted by the magnitude of
our gradients. In practice, we end up just using the expected reward as the baseline.

Algorithm: REINFORCE with baseline

1: Initialize policy parameters 6
2: for iteration = 1, 2, ... do
3: Collect a set of trajectories {7*} ; by running the policy mp(as|s;)
for each trajectory 7° do
for each timestep t in 7% do
Compute return: G& = E;F,:t r(st,, al,)
end for
end for
Compute b = 3 Zfil r(1%)
10: Update the policy parameters:
VoV (0) ~ X, 5, Ve log mo(al]sf) (G — b)
0+ 0+ aVyV(0)
11: end for

REINFORCE with Baseline using learned value-function baseline

Input: a differentiable policy parameterization 7 (a | s, 8)

Input: a differentiable state-value function parameterization o(s, w)
Algorithm parameters: step sizes o’ > 0, a™ > 0

Initialize policy parameter 6 € R? and state-value weights w € R? (e.g., to 0)

Loop forever (for each episode):
e Generate an episode Sy, Ag, Ry, ...,S7—1, Ar_1, Ry, following «(- | -, 0)
e Loop for each step of the episode t =0,1,...,7 — 1:
-G+ ZZ:tH Vk_t_le (Gt)
— 0 G —0(S¢w)
— W< w+aVoVo(S, w)
— 0 0+a%'6Vinn(A; | S, 0)

2.6 On-Policy Actor-Critic Methods

Actor-Critic methods replace the reward to go Ztlet r(sip, i) with r(s; ¢, a:t) +f~/V(;”’ (Sit+1)-
As for the baseline, we use Vp(s;+). Then, we can replace Z;{:t r(sit,aip) in REINFORCE
with the advantage function A™ (s; 4, a; ) ~ r(sit, i) + WV(ZT" (Sit+1) — Vd:rg (sit). The better
the estimate of this advantage, the lower the variance.
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Actor-critic methods use a learned value function V[“(s;). This is trained using supervised

regression. Suppose that our training set (using the rollouts by policy mg) is of the form
T e

{(sie, >y 7(si0,a54))}. Then, we train via minimizing

2

o

T
Vi (sie) — (Z CI ai,t’))

t'=t

Alternatively, we can also train this by using a boostrapped estimate of the target:

% ZZ HV(;Q(Si,t) - (7'(Si,t, a;t) + Vge(si,t—o—l)) H2 .
Pt

One-step Actor—Critic (episodic), for estimating my ~ .

Input: a differentiable policy parameterization 7(a | s, 0)

Input: a differentiable state-value function parameterization o(s, w)
Parameters: step sizes o/ > 0, a¥ > 0

Initialize policy parameter 6 € RY and state-value weights w € R? (e.g., to 0)

Loop forever (for each episode):
e Initialize S (first state of episode)
o [ 1

e Loop while S is not terminal (for each time step):

= Al 7T(' | Sa 0)
— Take action A, observe S’, R
— 0 R+~o(S",w) —0(S,w) (if S’ is terminal, then 9(S’, w) = 0)

- W< w+aVovVo(S,w)

— 0+ 0+a°I6VInm(A|S,0)
— [ <~

- 5«5

2.7 Making inroads to off-policy policy gradient

Suppose, we collected trajectories using policy my and we know the returns from these trajecto-
ries. Can we use them to make updates to a different policy mg/?

Given policy g/, we want to maximize V(6') = E,.p,, (r) [r(7)]. Using importance-sampling,
we can write:
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Then, using the full expression for the probability of any trajectory, we get

Ty at | 5t>
i at | St)

T
> Ve logm(ar | 5)

r(7)

. T
Vo log mg: (ay | 54 ) <Z?" S¢,ay )]
=1

t=1

EH

VOV - TNPe [

| S

t=1

_ o’ at | St)
B 11 T at|5t)

::]%

Af\

Rewrite this:

VoV (6)
T ¢ 7T/CL/|5/ T tl7l'/a//|51/)
=E.p, ZVg/ log mgs (ay | s¢) H AL Zr S, ayr) H “7t
7o (ay | Str) 7o (

" S//
t=1 =1 t'=t G

And then we get, using causality:

T t - /(a , ‘ s /) T
VQV(H) = ]ET,\,pe l(z Vg/ logmg/(at | St)> (H M) <Z ’I”(Sy,ay))]

t=1 t'=1 t'=t

2.8 Off-Policy Actor-Critic (OffPAC)

This section is not really new - we just use importance sampling. The derivation will assume
continuous state and action spaces. We want to estimate the policy gradient off-policy from
trajectories sampled from a distinct behaviour policy 8(als) # mg(als). In this setting, the
performance objective is the value function of the target policy, my, averaged over the state
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distribution of the behaviour policy S(als):

Ja(mg) :/S s)V™ (s // s)mg(als)Q7 (s, a)dads.

The policy gradient becomes (after approximating by dropping VQ™ (s, a)):

mo(als)

plals)

Vods(mg) = Egups anp [ Vo log mg(als)Q™ (s, a)

OffPAC (Off-Policy Actor Critic) algorithm uses the behavior policy S(als) to generate trajec-
tories. A critic estimates V?(s) ~ V™ (s) off-policy by gradient temporal-difference learning.
Instead of the unknown Q™ (s, a), the temporal-difference error 6; = 7411 +7V?(s111) — V(s¢)
is used.

2.9 Performance Difference Lemma

We want to prove a few results that are building blocks for trust regional policy optimisation.

Firstly, note that the probability of sampling any particular trajectory 7 = (so, ag, 70, $1, @1, ----)
is Py(1) = [1;2o mo(ai|si)P(si+1]si,a;). The probability of sampling a particular trajectory T

such that s; = sis Py(se = 8) = D, Ds, = 2er ) Doay s (Hl 1 W@(ai|si)P(si+1|si,ai)) mo(at—1 |

si—1)P(s¢ = 5| s4—1,a0-1).

Let the distribution over all states induced by g be:

dﬂg _ Z ,Yt Pg

The factor (1 — ) is a normalization constant and this distribution simply discounts states
visited later in time.

Lemma 11. E,_p, Do g V' f(st.a0)] = ﬁESNdM [Eanr(ls) [f(5,a)]]

Proof.

E.~p,

thf(st,aa}

_ZPO ZV f(st,ar)
= ZHW9(01|Si)P(Sz’+1|5iaai) D A flse ar)

7 =0 t=0
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_ ZZZ H?T a;i|s;)P(si+1]si, a;) ny f(se,ar)

ap S1 a1

ZZM ao|so) f (50, ao +’YZZZ779 aolso)P(s1]s0, a0)mo(ar]s1) f(s1,a1) 4 - -

ap S1 a1

_Z,y ZZZ ZZZHW@ (@ils:)P(sit1lsi, ai) f(st,at)

ag S1 a1 st a¢ St4119=0

=Y S ) Sl

t=0 St+1
o0

= Vt () fse,a)

t=0

=YYy (Z Y TTtalr si+1|si,ai>) 7o (arlse) (st a0)

t=0 St at st—1 at—1 1=0

= th SN Polso)molaclse) f(se, ar)

St at

— Z’y > Py(s, Zwa arlst) f(se,ar)
= Z'y ZPQ St a~Tg (87570')]

1

= ﬁEswdw []Ea~7r9 [f(stva)]]

Theorem 12. (Performance Difference Lemma)
1 /
VW(SO) — Vﬂ-/(So) = ﬁESNdﬂ []anﬂ(s) |:14.Tr (S, a)”

where the advantage function is A™(s,a) := ¢"(s,a) — V™(s).

Proof.
Vﬂ— (80) — Vﬂ—/ (80)

D A R(si,ar)

B e [Z YV (se41) | = Ermpr lz Vo (5641)
=0 =0 =0
=E - pr [Z Y (R(st, ar) + Ve (s141)) = D4 Var(se11) = Ve (s0)
=0
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Now, we expand the first term:

Ervpr lZW (st,at) + Vs (&H—l))]
= Z’Vt]ET~Pw [R(Sn ar) + V™ (se41l50, at)]

— nyt]Esthw {]anpw |:]ESt+1NP7r [R(s,a) + AV (8441)]s = 8¢, 0 = at} la = at] |s = st}

o0

VEspainpr |R(s,a) +7 Z P(8t+1\3t7at)Vﬂ/($t+1)|8 = St,0 = Q¢

0 St+1

t

o

VErpr [Q7(5,0)]s = 51,0 = a]

=E; p~ [Z’Y ﬂ Styat‘|

~
I
o

Therefore, we get
R Rt

=E; p~ [Z AEA (54, at)]
t=0
o]

1
- R, []ECM [A”
I—~

’

Sometimes, as in [2], this lemma has the following equivalent expression:

Proposition 13. (Performance Difference Lemma (2)) Given two policies w and «’,
V(Trl) - V =E; [Z’Y St;at ] .

Proof. We write:

Aﬂ(s,a) = ES/GP(S/\s,a) [T(S, a) + ’)/Vﬂ,(s/) — Vﬂ(s)] .
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Then,

E, lz V' Ar(sta0) | =Brr | D4 (r(s0,a1) + YV (s141) — Va(se))
t=0 t=0
=B |[~Va(s0) + Y 7" (r(se, at))]
t=0
= Euypy [Va(50)] + Exr [Y_ 7'r4]
t=0

—V(m) +V(r').

2.10 Covariant/natural policy gradient

So far, our update rules were aimed towards computing
0+ 0+ aVyV(0)

to update the policy my(a | s). However, controlling the learning rate to maximize V() is non-
trivial. Some parameters of your policy ultimately end up affecting V() more than others and
choosing one constant « that controls the learning rate for all the parameters is difficult. We
would want to have higher learning rates for parameters that do not change the policy very
much and smaller learning rates for those that do.

Now, notice that using a first-order Taylor expansion, we can write:

arg max V(0') =~ arg max V() + (0 —0)TVV(0).

So, we aim to solve argmaxy (6’ — 0)TV,V () such that ||¢' — 0]| < € (so that the Taylor
approximation is valid). We can reframe this problem in the policy space: we aim to solve
arg maxg (0 — 0)TVyV () such that D(7y || m9) < € where D is a divergence-measure [3].

We can choose D to be the KL-divergence. In this case, we can approximate (using the second-
order Taylor approximation) Dg (me || mp) &~ (0" — )T F(¢’ — 0) where F is the Fisher infor-
mation matrix, i.e. F = Er,[(Vglogmg(a | s)) (Vglogmg(a | s))”]. Then, the problem becomes:
arg maxg (0 — 0)TVyV () such that ||0' — 6]|% < e. Then, the update rule becomes

0+ 0+ aF VeV (0)

2.11 Trust Region Policy Optimization (TRPO)

In this section, we discuss the building blocks of TRPO.
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Let V(mw) = Ew{zzo ~iry]. Recall: Qr(st,ar) = EW[ZEZO Yrewr | s, ad], Ve(se) = Ex [Z?io Yrew |
st) and Az (s,a) = Qr(s,a) — Vr(s) where a; ~ mw(a; | s¢).

Recall the improper discounted state distribution p™(s) = Y7 v*P(sg — s, k, 7). Using this,
we can write the performance difference lemma as:

o0

V() =V(r) =) Y Plsi=s|n)Y n'(a] s)7"Ax(s,0)

:ZZ P(s; =s|n") Zﬂ' (a]s)Ax(s,a)

»

:Z ™ Zw (a|s)Ar(s,a)

Note: V(n') — V(m) > 0 if, at every state s, we have that > 7'(a | s)Ax(s,a) > 0.

Now, the first building block of TRPO is the local approximation of this as

Lo(w') = V(m) + Y _p"(s) Y w'(a| s)Ax(s,a)

where we have replaced p™ with p™ . Note that when our policy mg(a | s) is differentiable, then,
for the parameters 6y, we have that Lr,, (mg,) = V(mg,) and VoLr,, (m0)]o=0, = VoV (70)|0=0, -
Therefore, if the update mp, — 7’ is small enough such that L, (mg,) improves, then we see an
improvement in the value V' as well. However, controlling the learning rate that ensures this is
difficult. TRPO aims to solve this issue.

The guiding principal comes from the following theorem [2]:

Theorem 14. Let o = D (7o1d; Tnew) = Maxs Doy (mo1d (- | 8)||Tnew (- | s)). Then,

4e
V(ﬂ'new) > Lﬂ'o1d (ﬂ'new) - 770[2

(1—7)?

where € = max; o |4 (s, a)|.

The main building blocks are the following two definitions and lemma:

Definition 8. (a-coupled policy pair). We call (7, 7") an a-coupled policy pair if the joint
distribution (a,a’) | s is such that P(a # o’ | s) < « for all s.

We also define

A(S) = anﬂ’(»\s) [AW(‘S?a)] :

Then, we have the following lemma:
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Lemma 15. Let (7,n’) be an a-coupled policy pair. Then, for all states s,

|A(s)] < 2amax|Ax(s,a)l.

Proof.
A(8) = Bt [Ar(s,a")]
= E(a,a’)N(ﬂ',ﬂ’) [Aﬂ' (87 a/) - Aﬂ'(S) a)]

as Eqor[Ar(s,a)] = 0. Then, continuing;:

A(S) = E(a,a')f\/(ﬂ',ﬂ/) [A‘n'(sa a/) - Aﬂ'(57 CL)]
=Y 7' ]s) ) wla]s)(Ax(s,a') = Ax(s,a))

A =17 1) ;;w(a | $)(Ax(s,a") — Ax(s.a))
<17 1) ;w(a 9o, + 17| 9) ;w(a | $)(Ax(5,a))
<1 1) ;w(a ) (max Ax(s,a))| + 3 7@’ | ) ;ﬂ(a | 5)(max Ax(s, )|
= max A (s,0)2 7' (a' | ) ;w(a | 3)

= 2| max A, (s,a)|

< 2amax |Ax(s,a)|
s,a

Lemma 16. Let (m,7') be an a-coupled policy pair. Then,
[Eg,nn [A(st)] = Espnr [A(s1)] | € 2amax |A(s)] < 4a(l — (1 — )") max|Ax(s,a)].

Proof. Let ny be the number of time steps such that a; # a} for ¢ <t and a; ~ w,a; ~ 7’. This
denotes the number of times m and 7’/ take different actions before time step ¢t. Then,

Est,\,ﬂ—/ [A(St):l = P(nt = O)E(gt,\,ﬂ-/‘ntzo I:A(St)} + P(nt > O)EStNﬂ'/‘nt>0 [A(St):l .

Similarly,

Es,nr [A(St)} = P(n; = O)Est"‘ﬂ"ntzo [A(st)] + P(ny > O)ESt’Vﬂ"nt>0 [A(St)] .
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Now,

Estwﬂ"\ntzo [A(St)] = Est~ﬂ|nt:O [A(St)]

since ny =0 = 7 and 7’ executed the same actions on all time steps less than ¢. Then,

Est,\,ﬂ-/ [A(St)] — ]Est,\,ﬂ- [A(St)]
= P(nt > 0) (]EStNW"nt>0 [A(St):l — ]EStNT‘-‘nt>0 [A(St):l) .
Now, since 7 and 7" are a-coupled, then, P(a =a’ | s) > 1 —«, so P(n; = 0) > (1 — «)" and
P(ny>0)<1—(1—-a).
On the other hand, using triangle inequality,
|E8t~7r/\m>0 [A(St)] - ESt’\/ﬂ"nt>O [A(St)] | ( )
< |Est~7r’\nt>0 [A(St)] | + ‘Estwﬂ\nt>0 [A(St)] | ( )
< 2max |A(s)] (4)
S
(5)
(6)

<4amax|A,(s,a)l
s,a

Then,

Eun [A(50)] = Buper [A(o1)]

= ‘P(nt >0) (E5t~7r’|m>0 [A(St)] - Est'\’ﬂ'lnt>0 [A(St)]) |
<da(l-(1-a)h max |Ax(s,a)l.

Now we prove theorem 14:

Proof. Denote ™ = 7oq and 7' = Tpew. Let € = max; 4 [Ar(s,a)|. Then, using performance
difference lemma and the definition of A(s):
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On the other hand,
La(n") = V(7) + Eswpr ann[An (s, a)]

=V(m)+E.r Z’ytfl(st)
t=0

Combining:

|V(7T/) — L (71'/)‘ < Z'Yt ’ETNW’ [A(St)] - ]ETNW[A(St)H

t=0
Z’ytéleoz(l —(1—a)h)
t=0
1 1
_4ea<1—7 - 1—7(1—a)>
_ 4a’ve
(1-=7)(1-7(1-a)
- 4a’ve
(=91 -9(1-a)
4a2ve
T (=)

Now, if we have two policies 7 and 7’ such that maxs; Dy (7(- | s)||7'(- | s)) < «, then we

can define an a-coupled policy with the appropriate marginals by Theorem 23. Therefore, take
4042’}/6

Gz to conclude. O

a = maxg Dry(m(- | 8)||7'(- | s)), plug this into

From theorem 14, by noting that Drv(pl||q)? < Dxw(p|lq), we get that

V(Tf—/) 2 L7r(7T/) - (1 — ,}/)Q‘DKL ('/T,']T/).

Using this, we can find a preliminary algorithm:

Algorithm: Policy iteration guaranteeing non-decreasing expected return V'

: Initialize policy 7

: for i =0,1,2,... until convergence do
Compute all advantage values A, (s, a)
Solve the constrained optimization problem:
Tit1 = arg maxy [Ln, () — CDR*(m;, )]

where C = (14753/)2

and Ly, (m) = V(m) + 32, ™ (s) 22, m(als)Ar, (s, a)
5: end for
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This algorithm has guaranteed monotonic improvement. We can now use it to derive TRPO.
Let V() := V(mg), Lg(8') := Ly, (mg:), and Dkp(0]60") := Dy (mg || me:). We saw that:

V(0) > L, (0) — CDE>(0o1a, 0)

with equality at § = 6,9. Thus, we can improve V() by solving the following optimization
problem:

m;xx L901d (9) — OD?EX(GOM, 9)

However, choosing the step size here is tricky - if we use C' = (14_%)2, then the step sizes become
small. Instead, we solve the following with a trust region constraint:

max Lo, (0) 7)

subject to D™ (0o1q,0) < 6 (8)

_ 6,
In practice, we use the average KL divergence: Dﬁle (Oo1d, 0) = By poora [DKL (6,4 (- | 8)[|mo (- |

s))]

Lastly, we show how to estimate the objective and constraint functions using Monte Carlo simula-
tion. We replace the objective >__ p%14(s) >, mo(a | s)Ag,,, (s, a) with ﬁ]EswgolmaNﬂe(_b) [Ap,,4(s,a)]]-
Lastly, we use importance sampling. Altogether, we have:

mo(a | s)
Ing),X Eszgold ,anTe | T, (a | S) A9old (S’ a) (9)
subject to By ,001a [DKL (70,4 (- | 8) | ma(- | 5))] <0 (10)

The alternative version is the optimize the following:

mo(a | s)

—— 5 Abga(s,0) = B Dxr (T4 (- | 5) [ 7o | 5)) (11)
Tho1a (a | S)

(12)

max E

s~
g sevpPold, arnvmy

The second version comes from the first via the method of Lagrange multipliers so these are two
equivalent formulations. However, comparing these two versions, tuning § (in the first version)
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is generally easier than tuning (8 in the second version. Also, for the second verison in practice,
TRPO uses the mazimum over KL divergences conditioned on each state instead of the mean.
In other words, optimize:

mo(a | s)

max ]E —_—
o 4 [ TOo1a (a ‘ 5)

Agoa(s,0) | = B -max [Dxr (1o, (- [ 8) [ mo(- [ s))] (13)

(14)

swpeold s a/NTrgol

TRPO solves this optimization problem by making a linear approximation to the objective
Lz, . (mg), a quadratic approximation to the constraint and then using a conjugate gradient
algorithm.

Then, the problem becomes:
B T
max g - (0 — Oola) — 5(9 —0o1a)" F(0 — 0o1a)

where g = %L”%ld (mp) and F = -2 KLz, (we)‘

0=0514 6% 0=0o1a .

This problem can be solved efficiently using the conjugate gradient algorithm.

2.12 Proximal Policy Optimization (PPO)

(This section is written independently of the previous section on trust regional policy optimization
so that it is self-complete, which means there are some repetitions here)

There are two major issues with vanilla policy gradient methods. Firstly, it is difficult to
optimize in the sense that it is difficult to find the right step size to use in gradient descent.
The input data distribution is non-stationary - you sample trajectories using a learned policy,
then you use those samples to update your policy, then you use this updated policy to sample
new trajectories. However, if, at any point in time, you use a set of bad samples and therefore,
your optimisation step is wrong, this could lead to performance collapse - with the bad samples,
you take a "wrong step” to get a poor policy, with which you sample new trajectories which
are also poor which you then use to optimise again. The second issue is that the algorithm
is sample inefficient - with any particular set of sampled trajectories, we carry out one step of
gradient descent and then throw those samples out. For future optimisation steps, we sample
new trajectories. Although we have made some modifications to the basic vanilla PG algorithm
like we found the actor-critic methods, they are still insufficient in completely curbing these
issues.

We now derive the building blocks of Trust Region Policy Optimisation (TRPO): We already
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saw the performance difference lemme:

Vﬂ'/ — Vﬂ— = 7Eswdﬂ/ [EaNﬂ" [AW(S’ a)]]
-7

Now, suppose, our current policy is 7. In our next step, we essentially want to maximize the
difference between V,» — V.. Therefore,

1
arg max Vyr — Vp = arg max li]EsNdﬂ/ [Egr [A™(s,0)]]
71'/ Tr/ —_ fy

1 /
arg max ﬁ]ESNdﬁ/ {EGNW {ﬂ- (a|S)A“(s,a)H

m(als)
1 7 (als)
~ ]ESN e ]Ea,\,ﬂ— Aﬂ 5
e e o
=: arg max L (7')

where, in the second last line, we made the approximation d™ =~ d*. This approximation only
holds true if

IVar = Vi = La(7)]| < OVEspor [Dicr(n(-]se)l[7 ([s¢))]

With this, TRPO maximises L, (7") subject to Eswr [Drr(7(:]s)||7'(:|s))] < 0. Note that, in
actual implementation, we use a learned approximation for the advantage function.

Also note that we get monotonic improvement since the KL divergence is zero when 7' = 7
whereas L, () = 0 too, therefore, the performance of 7’ is at least as good as 7.

PPO [4] slightly modifies this - instead of placing a harsh constraint in the optimization pro-

cess (which requires conjugate gradient descent otherwise), instead PPO brings in 2 variants.
The first is to maximize Eg, g~ a,~n [7;((;;”;:)) A™(s¢,a1) — B+ DKL(?TI(~|St)H7T('|3t)):|- If the KL-
divergence is too high, we adaptively increase 8 and if it is small, then we decrease 8. The other
Tor (ai]se)
ﬂ'ge(at\st) ’

variant is as follows - define () := Then, maximize

Erory Lz__; [min(r:(0) A™ (s¢, at), clip(r+(0),1 — e, 1 + €) A™ (54, at))]]

The second variant is more commonly used. In practical implementations, we often add an
entropy bonus (similar to SAC) to encourage exploration and prevent collapsing to a local
optimal.
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In both variants, the algorithm uses an advantage estimator fl”(st, at). PPO uses Generalized
Advantage Estimator (GAE).

First, we define N-step advantage estimators:

AE =T¢ + ’}/V(St+1) — V(St)
AP =1y + yripn + 9V (se42) — V(se)
A = v b ey F e+ — V(s
If we define
8 =ri+ 4V (si1) — V(se),
then, these become:
A(l) — 5V
AP =6 + V01
(k)
Ag ZW 5t+l
Thus, generally,
k-1
Agk) = ’7l7"t+[ + ’YkV(StJrk) — V(St)

GAE is an exponentially-weighted average of k-step estimators:

AGABON) (1 _ )y (A(l) FAAD 4240 4 )

= (1 =) (6] + A +70)1 +7%6)0) +...)
=(1 —A)(ét"(1+>\+>\2 ) AEN )+ )

1 A A2

Z YA) 5t+l
1=0

PPO uses a truncated version of a GAE:
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Algorithm: PPO (Actor-Critic Style)

1: for iteration =1, 2, ... do

2 for actor =1, 2, ..., N do

3 Run policy mg_,, in environment for 7" timesteps

4: Compute advantage estimates 1211, ey AT

5 end for

6 Optimize surrogate objective L with respect to 6, using K epochs and minibatch
size M < NT

7 Ooq < 0

8: end for

Algorithm: PPO with GAE

1: Initialize parameters ¢, environment state s
2: for iteration £k =1,2,... do

3: dold < ¢

4: (1,5) = rollout(s, 74, )

5: ($1,a1,71,...,87) =T

6: vy =Vy(sy) fort=1:T

7 (Ar.r,y1.:7) = GAE(r1.7, v1.7, 7, A)

8 form=1: M do

9

— _me(als) o
pr= ﬂ"’)old(at\st) fort=1:T

10: pr =clip(py) fort =1:T

11: L(¢) = 271 Pro(Va(se) — )2 — Ape min(pAe, frAs) — Nens H(7o(-|50))]
12: @< 0 —nV4L(P)

13: end for

14: end for

2.13 Soft Actor-Critic (SAC)

Soft Actor-Critic [5] is an off-policy actor-critic algorithm that aims to learn a policy that
maximizes rewards while also acting as stochastically as possible. In other words, if there are
two actions that both achieve the same maximum rewards, our goal would be to assign nearly
equal probability mass to both of them. This falls under a general framework called maximum
entropy reinforcement learning where the goal is to maximize (assume a finite horizon task with
discount factor v = 0):

T

J(0) =D Eappro s [F(s1,a) + aH (w(- | 1)) (15)
t=0

where H(p) is the entropy of the distribution p.

There are many benefits to learning such policies. Firstly, sometimes we would want our agents
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to learn multiple strategies for solving a task. Imagine building an agent that plays chess - it
would be a problem if the agent acts deterministically (or close to deterministically) because then
its opponent could very well predict its moves. Secondly, a highly stochastic policy would also
end up doing more exploration allowing us to potentially uncover even more optimal strategies
as training progresses, instead of collapsing to suboptimal ones.

First, we define the modified Bellman backup operator that gets us the soft Q-value correspond-
ing to J(0) as in equation 15:

Definition 9. (Bellman backup for soft Q-value). The soft Q-value of a fixed policy = can be
computed by repeatedly applying the modified Bellman backup operator:

T Qx (¢, ae) := (s, 1) + VB, p(lsisan) [V (St41)]
where
V(st) = Eaymrn [@n(st,at) — logm(as | s¢)].
The fact that this converges comes from the following result:

Lemma 17. For any mapping QY : S x A — R with |A| < co and Q! = 77QF. Then, the
sequence QF converges to the soft Q-value of  as k — oc.

Proof. Define ry (s, as) = r(st,at)+Eq, ~pP(|ss,a0) [H(T(|5¢41))]. Then, Qr(s¢, ar) < rr(s¢, as)+
VEs,. ~Parii~n [Q(St41, a141)) is the update rule. Given |A| < oo, the entropy augment reward
rr is bounded. Using this, we can show the convergence as required following similar steps as
for classical policy evaluation. O

Given this evaluation, we can then do policy improvement as follows:

Tnew = arg 7{1/%% D1, <7T/(' | se) | Zmo1d ()

where Z7™4 is the partition function that normalizes the distribution. We can prove that this
results in an improved policy as follows:

Lemma 18. Let moq € II and let mey be the resulting policy from the soft-policy improvement
step. Then, Q™ (s¢,a;) > Q™ (54, a) for all (s4,ay € S x A with |A] < oco.

Proof. Given myq with corresponding @74 and V™4, we can define
e | 5¢) = axg min Dic (7' (0)] | exp(Q™ 51, ) — log 274 (s1)))

=:arg glé% Irora (7T/('|St))'

Now, Jr_ 4 (Tnew(:|5t)) < Jroia(To1a(+]$¢)) since we could choose myew = Tolg i our minimization
process. Therefore, expanding this line, we get:
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Eaimmew [log 7TrAeW(at ‘ 5¢) — Q™M (54, ar) + log Z™M (St)]
< Eaymmoa 108 Tora (@ | 5¢) — QT (¢, ar) + log Z7 (s4))]

Since Z™ is independent of a;, this reduces to

Eatrw‘/rnew [Qmﬂd (Sta at) - 10g Tnew (at ‘ st)] Z Y/ mend (St)

Then,

Q™ (54, a) = 1(8¢,a1) + Vs, [V (5¢41)]

< 7(st,a0) + VEsp 1o P [Baysy e [Q7 (St41, Grp1) — 108 Trew (arg1 | se41)]] -

< Qe (8¢, a)

where the expansion uses Eq, r... [Q™" (5¢, at) —log Thew(as | $¢)] = V™4 (s;). The convergence
follows from the previous lemma. O

The soft-policy iteration algorithm essentially works like policy iteration except we alternate
between soft policy evaluation and soft policy improvement as described above. This algorithm
will, in fact, converge to the optimal policy as proven in the following theorem:

Theorem 19. The soft policy iteration algorithm over m € II converges to a policy 7* such
that Q™ (s¢, as) > Q™ (s¢,ay) for all 7 € I and (s4,a;) € S x A, assuming |A| < co.

Proof. We know by the previous lemma that Q™ is monotonically increasing. However, Q™ is
bounded above since the reward and entropy (given |A| < co) are bounded above. Therefore,
the policy iteration will converge to some 7*. Now, we claim that this policy is optimal. Since
7* is the policy at convergence, we have that Jp«(7*(+|s¢)) < Jp=(mw(-|s¢)) for all w7 € II such that
7 # m*. From this, we can easily show that Q™ (s;,a;) > Q™ (s¢, a;) for all s, and ay. O

The catch, however, is that performing the exact optimization in each of these steps may not
be tractable. We now describe the practical algorithm we get from SAC.

In SAC, we parametrize three function: Vi (s;) (to estimate the soft state-value function),
Q4(st,ar) (to estimate the soft state-action value function) and mg(as|s). Although technically
we do not need to have separate function approximators for V and @, doing this improves
training stability. In practice, Vi (s:) and Qg(s¢, ar) could be neural networks where as the
policy could be Gaussian with mean and covariance given by neural networks.
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The soft value function is trained to minimize the following loss:

JV(?/J) =E;,~p % (Vw(st) - anwe(-\st) [Q¢(St, at) - logﬂg(at|st)])2

Here D is the replay buffer. The gradient is computed as the following unbiased estimator:
Vydv () = VyVi(se) (Vi (se) — Qo(se, ar) +log ma(arlst))
where the actions are sampled a; ~ 7y(+|s;).

The soft Q-function is trained to minimize the soft Bellman residual:

72(9) = Eseenm E <Q¢(5t,at) - Q(St,at)>2:|

where Q(s¢,a;) = (s, a;) + VEs,1~p [Vi(5e41)]. Here Vj is our target network where ¢ is an
exponentially moving average of the value network weights. The gradient of this is computed
as the estimator:

Vs(Jo(9)) = VeQp(st:a)(Qq(st, ar) — r(se, ar) — YVi(st41))-

Finally, we can find the policy by minimizing the expected KL-divergence:

Jo(6) = Ea,p {DKL (M(. s I p«m»ﬂ _

Zg(St)

To minimize this, we use the reparametrization trick: let a; = f4(es; s;) where ¢ is an input
noise vector sampled from a fixed distribution (say, normal). Then,

Jr(¢) = Es,nD,einN [10g77¢ (f¢(€t; st) | st) — Qo (st, f¢(€t; st))] -

Here we ignored the partition function since it does not depend on ¢.

Then,

Ve dn(9) = Vglogms(as | s¢) + (Va, log ms(as | s:) — Va,Qo(st,a)) Ve foler; st),

37



Algorithm 1: Soft Actor-Critic

1: Initialize parameter vectors 1, ¥, 6, ¢
2: for each iteration do

3: for each environment step do

4: ay ~ mg(ag | st)

5: St41 ~ P(St+1 | 8¢, 1)

6: D<—'DU{(St,at,r(st,at),st+1)}
i end for

8: for each gradient step do

9: Y= — /\vaJv(lﬂ)
10: for i € {1,2} do
11: 0; + 0; — AoV, Jo(6:)
12: end for A

13: ¢« ¢_)\7rv¢']7r(¢)
14: Y+ TP+ (1—7)P
15: end for
16: end for

2.14 Deterministic Policy Gradient Methods (DPG)

Notation: We denote 7] = 37, v*7'r(sy, ax). Then, V™(s) = E[r]|S; = s;7] and Q" (s,a) =
E[r]|S1 = s, A1 = a;7]. The density at state s’ after transitioning for ¢ timesteps from state s is
p(s — &', t,m). The improper, discounted state distribution is p™(s’) := fs S T i (s)p(s —
s, t,m)ds.

Suppose, A = R™ and S = R<.

Goal: Learn a policy which maximizes J(7) := E[r]|7]. With our notation, this becomes:

J(mp) :/Sp”(s)/Am(s,a)r(&a)dads:Eswpw,aw,rg[r(s,a)].

Intuition behind the deterministic policy gradient theorem:

Most model-free RL algorithms use policy evaluation and policy improvement together. Eval-
uation approximates Q™ (s,a) and then improvement updates the policy, most often through

7k +l(s) = argmax, Q’Tk(s,a). However, in continuous action spaces, this is difficult since the
arg max, requires a global maximisation at each step and our action space is very large (because
it is continuous). Instead, the idea is to move the policy in the direction of the gradient of @™
(instead of maximizing it altogether). Then

9k+1 — ek + aES,\,pgk [VQQTFB (877{'9 (8)].
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By chain rule this becomes

.
ot = g% + o, pon [VGWG(S)VGQWQ (s, a)|a:ﬂ9(8)]'

Notation: To distinguish between stochastic and deterministic policy, we will use ug(s) as our
deterministic policy.

More formally, our performance objective is

J(po) = /Sp”"(S)T(S,ue(S))ds = Espra [1(5, 10(5))]

Then,

VOJ(NO) = /SPM (S)VQNG(S)VGQHG (87 a)la:ug(s)d‘s = Esrvpﬂé [veﬂe(s)anus (87 a)la:,ug(s):l
(16)

On-policy algorithm: We have a critic that estimates the action-value function while the
actor updates the policy by ascending the gradient of the action-value function (using equation
16). The critic, Q" (s, a) approximates Q*(s,a). The update rules are :

8 =10 +YQY (8141, A1) — Q¥ (8¢, ar)
W1 = Wi + Q0 Vi, Q¥ (¢, ar)
Or11 = 0t + agVopo(st) VaQ" (8, t)a=pe(s)

Off-policy algorithm: Suppose we have trajectories generated by behavior policy 7(s,a). The
new objective becomes:

T (pig) = /8 P (s)V*(s)ds = /5 P (5)Q" (5. po (5)) ds

and the update rule becomes

Vo= (1(0)) ~ /SPW(S)Veﬂe(GIS)Q”(S7a)dS = Eonpr [Voro(s)VaQ" (5, 0)lamps(s)] -

Now we can develop an actor-critic algorithm similar to the on-policy case:our critic is Q% (s, a):

O =1t +YQY (S141, o (Se41)) — Q¥ (8¢, ar)
W1 = Wi + Q0 Vo QY (¢, ar)
Orp1 =0 + OéGVGMG(St)VaQw(St, at)|a:,ug(s)
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A Probability

A.1 Total Variation Distance

This section is reading notes from [6].

A.1.1 Defintions and Properties

Total variation distance is a metric for measuring the distance between two distributions.

Definition 10. (Total Variation Distance). The total variation distance between two probabil-
ity distributions p and v on X is defined by

I = vllrv = max [u(4) — v(A)].

We have the equivalent formulation:
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Proposition 20. For p and v distributions on X', we have:

= vliry = 3 3 lute) — vl

zeX

Proof. Let B={x: u(x) > v(x)} and let A C X be any event. Then,

u(A) —v(A) < (AN B) —v(AN B)
I

<
< u(B) —v(B).

Similarly,
v(A) = p(4) < v(BY) — w(BY).
Note that u(B) — v(B) = v(B) — u(BC) since probabilities sum to 1.
u(B) = v(B) +v(B) = u(BY) = Y u(e) —v(z)| + Y v(z) = ulz)| =) lu(z) - v(z)|.

z€eB z€BC

Now, consider A as in the definition of the TV distance - this A is either B or BY i.e. |u(A) —
v(A)| is maximize when either A = B or A = BY. Then,

N[ =

= vliey = 5 (u(B) ~w(B) + v(B) — u(B)) = 3 3 lu(w) — v()].

Corollary 21. We also have that (using the proof above)

I —vllTv = Z w(z) —v(z).

weX u(x)>v()

Corollary 22. Total variation distance satisfies the triangle inequality:

[l = vllov < [lw—nllvv + |In — vlov

A.1.2 Coupling

A coupling of two probability distributions is a way of defining a joint distribution over two
random variables such that their marginals match the original distributions. More formally:

Definition 11. (Coupling). A coupling of two probability distributions p and v is a pair of
random variables (X, Y") defined on a single probability space such that the marginal distribution
of X is p and the marginal distribution Y is v. So, the coupling (X, Y) satisfies P(X = x) = u(x)
and P(Y = y) = v(y).
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Ezample: Consider p and v both be Bernoulli random variables with parameter 0.5. One way
to couple p and v is to define the joint distribution (X,Y) such that P(X =z, Y =y) = i for
all z,y. Another way is to define X to be the independent Bernoulli variable and let Y = X.

Given a coupling (X,Y) with joint distribution 7(X,Y) = P(X = z,Y = y), by the law of total
probability Y~ 7(X =z,Y =y) = v(y) (and the same for the marginal of X). Conversely, if we
have a probability distribution 7 on &' x X' such that > 7(z,y) = p(z) and 3, (z,y) = v(y),
we can find a pair of random variables (X,Y") that have 7 as their joint distribution, and so
(X,Y) is a coupling of p and v.

Proposition 23. Let p and ¢ be two probability distributions on X. Then,
llp — qllTv = inf{P(X #Y) | (X,Y) is a coupling of p and ¢}.

In fact, there is a coupling where this infimum is achieved which we call the optimal coupling.

Proof. For any coupling of p and ¢ and any event A C X, we have that:

p(A) — q(A) = B(X € A) — P(Y € A)
<P(X €AY ¢ A)
<P(X £Y).

where the second inequality comes from noting:
P{XcAl-P{lYcA}=P{X cAY c AIHP{X c A Y ¢ A}-P{X € A Y c A}-P{X ¢ A Y € A}.
As such,
llp — qllrv < inf{P(X #Y) | (X,Y) is a coupling of p and ¢}.
Now, we construct a coupling for which this is an equality.

Let m =} . min(p(x),q(x)). Then,

m= Y @+ Y @

z€X ,p(z)<q(x) zEX,p(z)>q(x)

=1- > () —al@)

z€X,p(x)>q(x)

=1—llp—dllrv
where the second inequality comes from adding and subtracting ). X.p(z)>q(2) p(x).

So
m=1—|lp—ql[rv.

Now, flip a coin with probability of heads equal to m =1 — ||p — q||Tv.
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1. If we get.heads, then define Z as follows: sample = from the probability distribution
P(z) = DnCE@a@) 4ng get X =Y = Z.

m

2. If we get tails, then choose X from the probability distribution

p(z) — q(x)
e1(x) =4 lp—dllrv
0 otherwise,

if p(x) > q(z),

and choose Y independently from the distribution:

py) —aly)

©a(y) = ¢ llu—vlrv
0 otherwise.

if p(y) > q(y),

(Note: when the coin gives us tails, X # Y as 1 and @9 are positive on disjoint subsets
of X)

Then,

my 4 (1 —m)p; =
my + (1 —m)ps =¢q

so we get the appropriate marginals. Also, X = Y if and only if the coin toss gives us heads
which happens with probability m, so P(X #Y) =m =||p — q||1v-

O
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