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Preface

This document is a combination of notes from CS 224R taught by Prof. Chelsea Finn at
Stanford University, CS 234 taught by Prof. Emma Brunskill at Stanford University, and CS
285 taught by Prof. Sergey Levine at UC Berkeley, as well as reading notes from various papers
(in particular, Richard Sutton and Andrew Barto’s ”Reinforcement Learning: An Introduction”

[1)-

Although these are reading notes, there may be various errors throughout, both minor and
major, which almost certaintly did not appear in the original works that I was reading. If you
find any, please let me know by sending me an email at jubayer@stanford.edu. I have also
not been able to stick to the same notation throughout these notes and I apologize for that - in
my defence, reinforcement learning is notorious for a lack of universal notation. Hopefully, the
inconsistencies are not too troublesome.

These notes are still under construction - especially the chapters on offline reinforcement learning
and preference fine-tuning.

I would also like to thank Ifdita, Andy and Sheryl for helping improve these notes.


mailto:jubayer@stanford.edu
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1 Markov Decision Processes

1.1 Framework

For the majority of these notes, we will consider the framework of a Markov Decision Process
(MDP), represented as (S, A, p, T, po,7, H), where S is the state space, A is the action space, p
is the transition dynamics, 7(s,a) € R is the reward function, pg is the initial state distribution,
v € [0,1] is the discount factor and H is the task horizon (which could be positive infinity).

In this setting, the agent interacts with the environments continually which results in observed
rewards. We say that the agent interacts with the environment at time steps t € Z* (the set of
positive integers).

The reward function is r(s¢, a;) = E[r|S; = s¢, Ar = a4] i.e., the expected reward from taking an
action from the current state. Here we are assuming that the reward after taking action a; from
state s; has a distribution and r(s¢, a;) is the mean of that distribution. However, the reward
could also be deterministic in which case the mean would collapse to the deterministic value.
Eitherways, we will use the shorthand r; := r(s¢, ay).

A finite MDP is an MDP such that S, A and R are finite sets. In finite MDPs, the transition
probabilities and the distribution over rewards are discrete distributions.

The MDP framework is a neat abstraction of sequential decision-making. As [1] describes, the
action can be low-level (e.g. voltages applies to the motors of a robot arm) or high-level decisions
(e.g. spend more money on a book or not). The states can be low-level sensations (e.g. direct
sensory readings) or high-level information (e.g. symbolic descriptions of objects in a room or
even images).

Definition 1. (Policy). A policy refers to an agent’s distribution over actions at each state i.e.,
w(als) := P(A; = a|S; = s).

Note that a policy can be deterministic too, in which case 7(als) can be written as a Dirac-delta
distribution.

An episode refers to ”"one play of the game” i.e., our agent ends up in the terminal state or the
agent has taken H actions after which the environment is reset. For example, a game of Chess is
an episodic task - even if the agent plays multiple games, the next episode begins independently
of how the previous episode went. We sometimes denote the set of all terminal states as S*.

Goal of reinforcement learning: Our agent seeks to maximize the expected discounted sum
of rewards i.e.
H
max E by .

Note, the expectation is taken over the distribution of the random variables s, as, s¢41, Gi11, - - -
induced by transition dynamics p(sy41 | ¢, ar) and the policy w(ay|sy) for all ¢/ € [0, H]. Also



note that the goal is not to maximize immediate reward but the cumulative reward in the long
run.

1.2 Values

Definition 2. (Return). The total return from a trajectory from time ¢ ownards is
Gi=ritrii+-+rm
if H is finite. When we use the discounted sum of rewards (especially for non-episodic/continuing

tasks), one can define the total discounted return even for infinite horizon tasks

o0
Gy =1+ yreer + ’727“t+2 +--= nykrt+k.
k=0

Then, we see that the goal of reinforcement learning is to maximize the expected total return
from a trajectory. For most of these notes, I will try to be consistent and assume that H is
infinite for the sake of simplicity.

Note: if v < 1, then G is finite as long as the rewards 7/, Vt', are boounded. We either require
horizon H to be finite (episodic tasks) or, if H = oo (continuing tasks), we require v < 1.
Otherwise, the value V,(s) could blow up.

Note that we also have the following: Gy = ry + vGyi1.

Definition 3. (Optimal Policy). The optimal policy is defined as:

Z yre | ﬂ]
t

7 = argmax E,
s

Now, we introduce some more constructions that help express the goal of reinforcement learning
- maximizing the expected (discounted) sum of rewards. To do so, we define the following:

Definition 4. Value function. Given a policy m, the value function of 7 refers to the expected
sum of (discounted) rewards when starting from a given state s and acting according to 7. For
generality, suppose H = oo, then this can be written as:

o0
Vﬂ(s) =E, Z’Yth m, Sy = ;| .
t=0
Note that the expectation is taken over trajectories sg, ag, 7o, $1, 1,71, -+ where apy ~ (- | s¢/)

and spy1 ~ p(- | sg,ap) for all . Furthermore, note that the value of the terminal state is
always zero (since no action is taken at the terminal state and, therefore, no reward is observed).



(This notation is not universal;, sometimes people write V™ (s),v(s) or V(s;m) to mean the

same thing.)

Lemma 1. We have the following recursive relationship for the value function:

Vﬂ—(s) =K a~m(als) [r + VVW(S/) | So = 8] .

s’ ,r~P(s',r|s,a)

This is called the Bellman equation for V™.

Proof. The derivation is as follows:

Vi(s) =E, Z’y%ﬂso = 51 .
t=0
=E, r0+27trt|sozsl .
t=1
=E, [ro] + Ex Zv rt|50:s].
=E, [ro] + 7Ex Zv rt|50:s]
t=1

=E, [TO] + ’YEslNP(-\sozs,a),aww(-|80:s) [

= ETF [TO] + ’YE’S’NP(-\sozs,a),a~7r(-|80:s)

- Eﬂ' [TO] + ’YES’NP(-\sozs,a),aww(-|50:s) [Vﬂ'(s/)]

=E a~m(als) [7’ + ’VVW (SI)]

s’ r~P(s',r|s,a)

8

HM8 T

Wtrt | s0 = S/]

O

We then see that the goal of RL is to find the optimal policy defined by 7(a | s) = argmax, V™(s).

Intuitively, V7 (s) is telling us, on average, how ”good” we are when we start from state s and

follow policy 7 (here "good” refers to the expected total return).

However, sometimes we might be interestd in the following question - instead of following policy
7 from state s, what if we take a specific action a and then follow policy 7. In other words, we
are trying to understand the value of taking a specific action a over the trajectory induced by

our policy 7.

Definition 5. (State-action value function/action-value function/Q function.) The Q-value of



an action from a state or the state-action value function is defined to be

QW(S;G) =E, [ivtrt‘&) = S,Ao = a] .

t=0

Intuitively, Q (s, a) refers to the expected sum of discounted rewards from taking action a from
state s and then following policy 7 from then on.

Lemma 2. We have the following alternative expression of the action-value function in terms
of the state-value function:

QW(Sa Cl) = Es’,r~P(s’,r|s,a) [’I" + ’}/VW(S/)|SO =S, AO = Cl] .

Lemma 3. We can express the state-value function in terms of the action-value function as
follows:

VW(S) = Ea,\,ﬂ—(.‘s) [QTI’(S? CL)|$] .

1.3 Optimal Values and Policies

Definition 6. Optimal value function and optimal action-value function. The optimal value
function is the expected sum of discounted rewards when starting from a given state s and acting
optimally:

H
V*(s) = maxE, lz v, so = s]
T t=0
= max V(s).

s

Similarly, we define

Q(s,a) = max Qr(s,a).

In other words, Q.(s,a) is the value of taking action a and then acting optimally. We have the
following relations
Vi(s) = max Q. (s, a)

and
Qx(st,at) = Elry +yVi(se41) | 81, ).

Definition 7. Optimal policy. We say m > 7’ if and only if V,(s) > V. (s) for all s € S. The
optimal policy m.(s) is
7« (8) = argmax V(s).

Note that m, need not be unique.



Lemma 4. For an infinite horizon problem i.e H = oo, the optimal policy is deterministic, sta-
tionary (i.e action distribution at a given state does not depend on the time) and not necessarily
unique.

Why do we care about value functions and action-value functions? This is because knowing
these would help us find the optimal policy fairly easily. Here are two ways you can do it:

1. If we have a policy 7 and we know ¢, (s,a), we can set the optimal policy to be
*(a | s) = 1{a = argmax ¢, (s,a’)}. (1)
a/

In other words, the optimal policy could just take the optimal action in terms of ¢, (s, a).
If we define this for every state, then we could get an optimal policy regardless of what m
we use in equation 1. Note that this would make a deterministic policy.

2. if policy mg(a | s) is parametrized by parameters 6, we could update these parameters such
that mg(als) for any good action a is maximized. In other words, if action a is such that
qr(s,a) > V(s), we maximize mg(a | s) (increase probability of that action being taken).

1.4 State Distributions

We will often require some notion of the distribution of states visited or distribution of states
we might start from.

o P(sg — s, k,mp) is the probability of reaching state s from sq in k time-steps under policy
m. We can calculate this as follows:

k—2
P(sg — s,k,m) = P(sp) H Z m(as | s¢)P(St41]8t,a1) Z m(ak—1 | Sk—1)P(sk = 8|Sk—1,ak—-1).
t=0 \at,st41 ag—1

o p™(s) = Y peoV*P(so — s,k,m) is the improper discounted state distribution. This is
called improper because this does not sum to 1.

o d™(s) == (1 =) Y27 P(so — s,t,m) is the distribution over all states induced by .
This is called the stationary distribution of Markov chain for 7. The factor (1 — ) is a
normalization constant and this distribution simply discounts states visited later in time.

1.5 Partially Observed MDPs

We frequently find ourselves working with partially observed MDPs (POMDPs). In this setting,
the agent has access to observations and not the states. These observations contain noisy
and/or incomplete information about the state. In these settings, the agent’s action depends on
a history of observations and not just the most recent observation. In other words, a; ~ (- | hy)
where hy = (09, ag, 01,01, -+ ,a:—1,0¢) (here oy is the observation at time step t').



1.6 Oversimplified Overview

With this, we can now give an overview of various methods discussed in these notes:

1. value-based methods: here we first try to estimate either the value function or the action-
value function of a policy by interacting with the environment and collecting rewards.
Once we have estimated the value of the policy, we update the policy and then we repeat.
While this works for relatively small state and action spaces, for larger ones, we would
requite value function approximation methods.

2. policy gradient methods: directly learn the optimal policy 7y parametrized by 6. We learn
this by updating 6 so as to maximize the expected value. For these methods, we would
still require some estimation of the value of the policy or, at the very least, returns from
a policy.

3. model-based reinforcement learning: learn the transition model i.e. the transition dynam-
ics of the environment. Once we have this transition model, we can use it for planning or
improving a policy.

Generally, the algorithms we consider will be characterized as one of two things:

1. off-policy: these algorithms can collect experiences (experiences are lists like
Sty Gty Tty St41, Qtd1, Te41, - - - St+m) Using a policy mg and use that to update a different
policy my.

2. on-policy: to update any policy m, we require experiences collected using policy 7. In
other words, we cannot use experiences from other policies to update this policy.

While on-policy methods can give us more reliable signals to help us update our policy, off-policy
methods are more sample efficient.

10



2 Policy Gradient Methods

In policy gradient methods, we directly parametrise the policy to be my(als). Our goal is then to
find 7y that maximizes expected returns. In the other algorithms we have seen so far, we tried
to estimate the value of a policy and then improved it, whereas, in the case of policy gradients,
we will directly aim to learn the optimal policy. We may still learn a value function in order
to help learn our parametrized optimal policy, but the value function will not be required for
our action selection (in the sense that, when selecting which action to take, we will not query
the value function - the value function is only used to help us update our policy my). Methods
that incorporate both a parametrized policy and a parametrized learned value function are often
called actor-critic methods. For policy-based methods, we have no value function, but only a
learned policy.

Policy gradient methods are useful for generating stochastic policies. A useful example of a
parametrized policy to keep in mind is a Gaussian policy (especially for continuous action spaces)
that is parametrized as a ~ N (pg(s), X) =: (- | s) (we usually set X to be a diagonal matrix).
The policy can be parametrized in any way as long as it is differentiable with respect to its
parameters. More complex parameterizations can be used; the choice of policy parameterization
is sometimes a good way to inject prior knowledge about the desired form of the policy into
the reinforcement learning system. In any case, we generally want to encourage the policy
to explore and, to do so, we usually require that the policy never becomes deterministic i.e.
mo(a | s) € (0,1),Ys,a.

Policy gradient methods are usually suitable for continuous action spaces and for high-dimensional
action spaces. However, a common phenomenon with policy gradient methods is that these poli-
cies tend to be hard to evaluate and can have a high variance.

Recall: we will require the following notions of distributions over states that we introduced
before in section 1.4:

o P(sg — s, k,mp) is the probability of reaching state s from sg in k time-steps under policy
Y.

o p™(s) =Y 1o V*P(so — s, k,mp) is the improper discounted state distribution.

o d™(s) == (1—7) > 27" P(so — s,t,mp) is the distribution over all states induced by g
be. The factor (1 — ) is a normalization constant and this distribution simply discounts
states visited later in time.

Overview:

e On-policy algorithms: REINFORCE, REINFORCE with baseline and actor-critic al-
gorithms. These algorithms require sampling trajectories with the parameters at each
iteration and then making updates to the policy.

e Off-policy algorithms: Off-policy actor-critic, SAC, etc. These algorithms collect trajec-
tories using a behavior policy which are then used to update potentially different policies.

11



2.1 Deriving the Policy Gradient

In this note, we will cover episodic tasks. Let V(6) = V;,(so), where sg is the starting state
(which we consider to be fixed for simplicity) and the dependency on 6 specifies that the value
depends on the policy 7. Policy mg can be any distribution. For example, we may use a
Gaussian policy and write mg(als) = N (£, a1 network (5)s )-

Now, we want to maximize V' (6):
V(0) = Vr, (s0)
= Z 7‘-9(@‘30)@#9 (50’ a)

a
= Py(r)R(7)
-
where Qr, (0, a) is the expected reward attained under the policy 7y after taking action a from

state sg. Pp(7) is the probability of trajectory 7 = (so, o, ro, S1, ----s ST—1, @T—1, F'T—1, ST) Under
policy mg and R(7) is the total reward from trajectory .

Lemma 5. VoV (0) =Y R(7)Py(1)Vglog(Py(T))

Proof.

VoV (0) = Vg Zpe(T)R(T)

= Z R(T)VQPQ(T)

_ Py(7)
- Z: R(r) Pz S VoP(T)

(
~ S R(r) ng:; Vo Py(r)

= R(r)Py(1)Vylog(Py(r))

I

Now, using Lemma 5, we see that

VoV (0) = Ep,[R(T)Vg log(Py(7))].

We can also get an approximation for our update rule:

VoV(6) ~ - > R(rO)Vylog(Py(r?)).

i=1

12



However, we still don’t know how to compute the gradient of the log-probability. For that, we
need the following lemma:

Lemma 6. Vglog(Py(7)) = ZtT;Ol Vo log mg(a|st)

Proof.

T-1
Vg log (Py(T) = Vg log (P(So) H 7T9(at|5t)P(5t+1|5taat)>
t=0

T—1
= Vylog (p(so)) + Z log mg(a¢|st) + log P(s41]8¢, at)
t=0
T—1
= Vo log(me(as|st))
t=0
O
With Lemma 6, we get the following tractable update rule:
T
VoV (0) = Erupy(r) [(Z Vo log mg(at|st) > (Zr S¢, Qy )] .
t=0 t=0
We can easily compute this as long as we can take the derivative of log mg(a | s).
2.2 Policy Gradient Theorem
We generalize this approach through the policy gradient theorem [1]. First, we consider an

episodic task.

Theorem 7. (Policy Gradient Theorem) Suppose either that v < 1 or, if v = 1, that our task
is episodic. Furthermore, suppose, our start state is sg for all trajectories. Then,

VoV (0) =D 0™ (5) Y Qn,(5,a)Vomo(als)

= ]Esrwp’re (s),a~mg(als) [Qﬂ'e (Sa a)vﬁ’ IOg iy (CL‘S)}

13



Proof.

VeV (0) = Vg (Z o (als)gn, (5’a)>

= (Vomo(als)) ar, (5, @) + m(als) Vodr, (a, 5)

= (Vomo(als)) ary(5,a) +mo(als)Vo [ D pls'rls,a) (r+ Vi, ()

s'r

= (Vomo(als)) ar (s,a) +mo(als) | (s’ rls, a)y - Vo (Vi (s))

s'r

= Z Voo (als)gr, (s, a)+

mo(als) Zp(s’\s, a)-y- (Z (Vomo(a'|s")gr, (s',a")) + mo(a’|s") Z P(s"|s',a’)y - VoV, (s")

a’ s’

= Z Z P(sg — x, k, 7T9)’}/k Z Vomo(alr)gr, (v, a)

z€S k=0

= Zp”" (s) Z Vomo(als)qr, (s, a)

2.3 REINFORCE

Using our derivation, we have our first policy gradient algorithm. So far, we have:

VoV (0) = Erupyr) [(Z Vo logﬂg(at|st)> (Z r(stl,at/)>] .

t=0 t’=0

REINFORCE is an on-policy algorithm that approximates this by sampling multiple trajectories
rolled out by policy 7y and then letting:

1 m T T
VoV (0) ~ oo Z (Z Vo 10g7r9(%,t|81',t)> (Z r(si,t’aai,t’)>

i=1 \t=0 t'=0

Intuitive interpretation: One way to interpret this update rule is to note that we are max-
imizing the log-likelihood of each trajectory sampled - except we are weighing them by their

14
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returns. In other words, if a trajectory yields higher returns, we are increasing the log-likelihood
of that with a larger weight than one that yields lower returns.

Problems with REINFORCE:

1. Since this is an on-policy method, we require sampling multiple trajectories for each update
to the policy.

2. The algorithm has high variance since the trajectory samples are often quite noisy (es-
pecially in most real-world environments). More precisely, ZtT,:l r(8;,¢/,a;,) has high
variance. As such, REINFORCE is a quite slow algorithm in most cases.

We will next introduce a couple of algorithms that are aimed towards solving these issues.

2.4 REINFORCE using causality

The update rule we derived so far is

1 m T T
VoV (0) ~ - Z (Z Vo logm(ai,t|si,t)> (Z r(sivt/,ai,t/)> .

i=1 \t=0 t'=0

Recall the intuition we provided in the previous section: we are maximizing log probability of
each action weighted by the "goodness” of the action i.e. the returns achieved by executing
the action. Now, notice that the action at time ¢ cannot affect the rewards at time t' < ¢. In
other words, when we maximize the log-likelihood of taking a particular action a;; from a state
5i,¢, should we really weigh it by the reward attained from the entire trajectory? Intuitively, it
makes more sense to weigh it by the rewards attained from that time ¢ onward in the trajectory
i since only the rewards attained after executing a;; gives us a signal for how good the action
is. With this in mind, we have the following modification:

m T T

VoV (0) = %Z (Z Vo logﬂg(ai7t|si,t)> (Z r(siyt/,ai,t/)> .

i=1 \t=0 t'=t

The term Zfzt r(si,ai) is called reward-to-go. In other words, we are using the ”reward to
go” from time ¢.

15



Algorithm: REINFORCE (with causality)

1: Initialize policy parameters 6
2: for iteration = 1, 2, ... do
3: Collect a set of trajectories {7} by running the policy mg(ay|st)
for each trajectory ¢ do
for each timestep ¢ in 7% do
Compute return: G% = ZtT,:t r(si,, at,)
end for
end for
Update the policy parameters:
VoV (0) ~ 32, >, Vologma(ay|sy)G
0+ 0+ aVeV(0)
10: end for

Intuitive interpretation: we are updating the policy parameters by taking a step in the
direction of VoV (0) ~ >, >, (Vglogmg)Gi. Focus on the term >, >, (Vglogmg). A step in
this direction is essentially maximizing the probability of A = a | s under 7y, which is what
maximum likelihood estimation does! Since this is scaled by G, it takes a step in a direction

that is closed aligned with high G actions i.e., actions that we expect to give higher returns.
Here is a more formal derivation of this causality idea:

So far, in the derivation of the policy gradient, we assumed we wanted to maximize E.,[R(7)].
What if we instead choose to maximize the reward at one time-step, r;, only? Following the
same steps of derivation, we would arrive at

V9E‘n'e [Tt] = Eﬂe

t
Z Vo logﬂg(at/ ‘ St’)Ttl .

t'=0

Now, we can take the sum of rewards over time ¢’ =0,--- ,T to get

T t
VOETI'Q [Tt} = Tl'g Zr Z 91Og 7T0 Qg | St’)]
=0 /=0
T T
=E,, Z Vologmg(as | st) Z rt/] .
t=0 t=t

16



2.5 REINFORCE with baseline

To further reduce variance, we introduce a baseline:

T
VGV Z <Z VO log 779(04 t|81 t)) (Z T(Sz’,t’a ai,t’) — b(si,t/)> .

i:l t’=0

where b is any arbitrary function as long as it does not depend on a;.

Intuitive explanation: in REINFORCE, we sample trajectories and maximize the log prob-
ability of actions based on how good they were. Subtracting an appropriate baseline (we will
discuss what are appropriate baselines soon) is equivalent to asking ” Are the returns from this
action better than expected?” We choose a baseline that gives us a sense of Vi, (s;/) because
that is the expected returns from the state.

What baseline should we choose? We usually choose baselines that are either constant or
depends only on s;+ but not on a; 4.

1. We usually select b(s) = Err, [r(7) | 80 = 5].
2. We could also use a learned state value function parametrized by ¢,

ve(se) =: b(sy).

Note that either choice gives is an unbiased modification of the original update rule derived
from the policy gradient theorem:

Proposition 8. Subtracting the baseline b (that does not depend on action) is unbiased in
expectation i.e.,

VoV (0) = Eswpro anm(-1s) (Vo log ma(als)) (@, (s, a) — b(s))]

where VoV (0) is computed as in the policy gradient theorem (theorem 7).

Proof. We show

T
TNPG(T) [(Z VQ IOgT(g at|$t))v7r6 (‘%))] =0.
t=0

17



T
Ernpy(r) l (Z(VO log g (a|s:)) V™ (St)> 1

t=0
T
= Erpy(r) (Vo log mo(ar|s)) V™ (s1)]
t=0
T
=33 P(sg— si,t,me) > molar | s1)(Valogma(aslse))V™ (s)
t=0 st at
T

= ZZ s0 = st,t.m0) V™ (50) D malas | s:)(Vologma(aylst))
t=0

= a

T

— ZZ so = s1,t,mg) V™ (s1) > _ Voma(ar | st)
t=0 at
T

= ZZ S0 = St,t,me) V™ (8¢) Vg (Z mo(ay | st)>
t=0 at
T

= Z S0 — Stata 7T0)Vﬂ-6 (St)VQ (1)
0

~

= ZZ S0 = St,t,me) V™ (8¢) - 0

t=0

I
e

We can actually find the baseline that reduces the variance the most in a principled manner:

Elg(1)r(7)]
E[g(7)?]

Var := E,.op,(r) [(Volog Po(7)(r(7) = b))*] = Errupy(r) [Vo log Py(r)(r(7) — b))

Here g(7) is the gradient Vg log Py(7).

Proposition 9. b = minimizes the variance:

Proof. Take the derivative with respect to the baseline b and, after a little bit of algebra, you
get the desired expression. O

In other words, the optimal baseline is the expected reward but weighted by the magnitude of
our gradients. In practice, we end up just using the expected reward as the baseline.

18



Algorithm: REINFORCE with baseline

1: Initialize policy parameters 6
2: for iteration = 1, 2, ... do
3: Collect a set of trajectories {7*} ; by running the policy mp(as|s:)
for each trajectory 7° do
for each timestep ¢ in 7° do
Compute return: G& = Zgzt r(st,, al,)
end for
end for
Compute b = % Zfil r(1%)
10: Update the policy parameters:
VoV (6) ~ X, 3, Vo log mo(allsf) (G — b)
0+ 0+ aVeV(0)
11: end for

REINFORCE with Baseline using learned value-function baseline

Input: a differentiable policy parameterization m(a | s, 8)

Input: a differentiable state-value function parameterization o(s, w)
Algorithm parameters: step sizes o’ >0, a™ > 0

Initialize policy parameter 6 € RY and state-value weights w € R? (e.g., to 0)

Loop forever (for each episode):
e Generate an episode Sy, Ag, Ry, ...,S7—1, Ar—1, Ry, following «(- | -, 6)
e Loop for each step of the episode t =0,1,...,7 — 1:
T i

SCR D DR Ly 1% (Gt)
— 0+ G—90(St,w)
— W< W+ aVoVo(S,, w)
— 0+ 0+ Oég’yt(sv 11’17T(At | St, 0)

2.6 On-Policy Actor-Critic Methods

Let us consider the baseline b(s; ) = V,(si) i.e. the true state-value function under policy
mp. We will see how to get this value function soon. We also replace the reward to go with
the state-action value function for taking a; ; from s, (as seen in the sampled trajectory) i.e.
Qr,(8i,¢).- Then, note that the factor multiplying the gradient of the log of our policy becomes
Qnry (Si,t’) — Vi (Si,t') = T(Si,t/) +v- ES{,’+1NP<'ISz,t’7a1,,t')[Vﬂ-e (St’+1)] =A™ (Si,t’a au/). This is the
main idea in this section.

Actor-Critic methods replace the reward to go ZtT,:t T(Siu, i) With 7(8;.4, a4t) —l—’yV(;“’ (Sit+1)-
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As for the baseline, we use Vpy(s; ;). Then, we can replace Z;{:t r(si,aip) in REINFORCE
with the advantage function A™ (s; v, a; ) =~ r(Si¢, ait) + wge (Sit41) — V(;TG (sit). Note that
here we removed the expectation over the next state s; ;41 with just a single sample estimate
from the trajectory i. This can be a poor estimate. In general, the better the estimate of the
advantage, the lower the variance.

Actor-critic methods use a learned value function Vg"(st). This is trained using supervised
regression. Suppose that our training set (using the rollouts by policy mg) is of the form

{(s4,t, EtT,:t r(siv, i)} Then, we train via minimizing

2

o3

T
Vil (sie) — (Z r(siv, ai,t’))

t'=t

Alternatively, we can also train this by using a boostrapped estimate of the target:

% Z Z HV(;W (Si,t) - (T(Si,ta ai,t) + V(;w (Si,t+1)) H2 .

One-step Actor—Critic (episodic), for estimating my ~ m,

Input: a differentiable policy parameterization m(a | s, 8)

Input: a differentiable state-value function parameterization o(s, w)
Parameters: step sizes o/ > 0, a% > 0

Initialize policy parameter 6 € RY and state-value weights w € R? (e.g., to 0)

Loop forever (for each episode):
e Initialize S (first state of episode)
o [+ 1

e Loop while S is not terminal (for each time step):

— A~n(]5,6)
— Take action A, observe S’, R
— 6+ R+9(5",w) —9(5, w) (if S’ is terminal, then §(S’, w) = 0)

w <+ w+ aViVo(S,w)

— 9 6+a’IsVInn(A]S,0)
— I~

- S« 5
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2.7 Performance Difference Lemma

We want to prove a few results that are building blocks for trust regional policy optimisation.

Firstly, note that the probability of sampling any particular trajectory 7 = (sg, ao, 7o, S1, a1, -...)
is Py(1) = [1ioo mo(ai|si)P(si+1]si,a;). The probability of sampling a particular trajectory T

such that s; = sis Pp(st = 8) = >, Do D e  2oar s (H 1 7r9(a2|si)P(si+1|si,ai)) mo(ai—1 |

si—1)P(st = s | s4—1,ai-1).

Let the distribution over all states induced by 7y be:

d™(s) = Z v Py(st

The factor (1 — ) is a normalization constant and this distribution simply discounts states
visited later in time.

Lemma 10. E._p, [> 2o f(s,at)] = ﬁESNdwe [anm(_‘s) [f(s,a)]]

Proof.

E,~p,

Z ’th(stﬂ a’t)‘|

t=0

_ZPQ Z’sttaat
t=0
00

=y Hﬂe(ai|5i)P(Si+1|8ia a;) Y 7' f(se,ar)

7 =0 t=0

_ZZZ Hﬂ-alls 51+1|S“a1 Z’stt7(lt

ap S1 a1

ZZW (aolso) f(s0,a0) +WZZZW0 (aolso)P(s1]s0, ao)me(ax|s1) f(s1,a1) + -+

ap S1 a1

_ 27 ZZZ ZZZH@ a;|8;)P(Si+1]8i, ai) f (S, ar)

ap S1  ai st at St411=0

Z (St;at)

St,at)

= 27 ZZ Z Z Z H7T9 a;i|5;)P(siy1]8:,a:) | mo(ae|se)f(se, ar)

St at St—1 at—1 1=0
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oo

= D_9" 222 Palsi)ma(adls) f(su, )
=0

= St at

1
= ZV ZPG 5t Zﬂa at|st) f(st, at)
= Z’Y ZPQ st a~ T (St7a’)]
- #E [Eamr, [F(s50:0)]
- 1_ ~ s~d™6 a~Tg ts
O
Theorem 11. (Performance Difference Lemma)
1 ,
Vals0) = Var(30) = 7= Bavar [Bunr(o) [47 (s,0)]]
where the advantage function is A™(s,a) := ¢"(s,a) — V™(s).
Proof.
Vﬂ— (80) — Vﬂ—/(So)
=E, p~ Z V' R(st,a1) | + Ernpr [Z Y Vo (se41) | — Brpr lz Y Vo (se41) | — Vi (50)
t=0 t=0 t=0
=E - pr [Z Y (R(st,a0) + VWV (s141)) = 7T Var(se41) — Vi (s0)
t=0

Now, we expand the first term:

E,pr lZ’Y (st,a¢) + Vo (3t+1))‘|
Z E p~ [ (5¢,a¢) +’7Vﬂ/(5t+1)}

=0
= ZﬁytEStNP" |:Eat~P" [IESHlNP7r {R(Sv (Z) + ,va’ (StJrl) ‘ § =50 = at} | §= St]}

o0
= Z’ytIEshathw R(s,a) 4+ Z P(sty1]st, at) VT (st41)|s = st,a = ay

St41

= Z’}/tET,\,pﬂ' [Qﬂ/(s,aﬂs =S¢, a = at]

t=0
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=E,p~ lz ’Yth/ (st, at)]

t=0

Therefore, we get

V™(s0) = V™ (s0) = Errpr [Z ok (Qﬂ/ (st a¢) — Vﬂ,(st))]
=0

=K. p~ [Z ’YtATr/ (sta at)]

t=0

%Ewdw []EaNTr [A”,(S,G)H

Sometimes, as in [2], this lemma has the following equivalent expression:

Proposition 12. (Performance Difference Lemma (2)) Given two policies 7 and 7/,
(o)
V(ﬂ-/) - V(?T) =Ern [Z ’YtATr(St; Clt)] .
t=0

Proof. We write:
Aw(s» a) = Es’EP(s’\s,a) [T(Sa a’) + ’)/Vﬂ—(s/) - Vﬂ'(s)] .
Then,

= ‘rr’

7'r’ [27 Stv at

Z’Yt r(styat) +YVa(sir1) — Vr(se))
t=

V(o) +Zv ]

—Esgmpo [V (50)] + Exr Z’y 7]

= ]Eﬂ,/

= ~V(m)+ V().

2.8 Covariant/natural policy gradient

So far, our update rules were aimed towards computing

0+ 0+ CYV@V(Q)
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to update the policy mg(a | s). However, controlling the learning rate to maximize V' (6) is non-
trivial. Some parameters of your policy ultimately end up affecting V' (6) more than others and
choosing one constant « that controls the learning rate for all the parameters is difficult. We
would want to have higher learning rates for parameters that do not change the policy very
much and smaller learning rates for those that do.

Now, notice that using a first-order Taylor expansion, we can write:

arg max V(0') =~ arg max V() + (0 —0)TVV (0).

So, we aim to solve argmaxy (6’ — 0)TV,V () such that ||¢' — 0|| < € (so that the Taylor
approximation is valid). We can reframe this problem in the policy space: we aim to solve
arg maxg (0 — 0)TVyV (6) such that D(my || m9) < € where D is a divergence-measure [3].

We can choose D to be the KL-divergence. In this case, we can approximate (using the second-
order Taylor approximation) Dx (me || mg) & (0" — )T F (¢’ — 6) where F is the Fisher infor-
mation matrix, i.e. F = Er,[(Vglogmg(a | s)) (Vglogmg(a | s))”]. Then, the problem becomes:
arg maxg (0 — 0)TVyV () such that ||0’ — 0]||% < e. Then, the update rule becomes

0 < 0+aF Vv (6)

2.9 Trust Region Policy Optimization (TRPO)

In this section, we discuss the building blocks of TRPO.

Let V(m) = Ex[> oo v're)- Recall: Qr(se,ar) = Ex[> oo Vretr | se,ad), Vie(se) = Ex[> o0 Y7t |
st) and A, (s,a) = Qr(s,a) — Vi(s) where a; ~ m(ay | s¢).

Recall the improper discounted state distribution p™(s) = Y7 v*P(sg — s, k, 7). Using this,
we can write the performance difference lemma as:

V(r")y=V(r) = ZZP(st =s|n') ZW’(a | s)7' Ax(s, )
t=0 s a
:ZZ P(s; =s|n") Zﬂ' (a]s)Ax(s,a)
s t=0

:Z ™ Zwa|s ,a)

Note: V(n') — V(m) > 0 if, at every state s, we have that > 7'(a | s)Ax(s,a) > 0.
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Now, the first building block of TRPO is the local approximation of this as

Lo(w) =V(m)+ Y p™(s) Y _7'(a]5)Ax(s,a)

where we have replaced p”/ with p”/. Note that when our policy mg(a | s) is differentiable, then,
for the parameters o, we have that L, (mg,) = V (mg,) and VoL, (m9)]o=0, = VoV (70)]0=0, -
Therefore, if the update g, — 7' is small enough such that Lz, (mg,) improves, then we see an
improvement in the value V' as well. However, controlling the learning rate that ensures this is
difficult. TRPO aims to solve this issue.

The guiding principal comes from the following theorem [2]:
Theorem 13. Let o = D (7o1d; Tnew) = Maxs Dy (mo1d (- | 8)||Tnew (- | 8)). Then,

dey
V(Trnew) 2 L‘ﬂ'old (Wnew) - WQQ

where € = max; o |4 (s, a)|.

The main building blocks are the following two definitions and lemma:
Definition 8. (a-coupled policy pair). We call (7, 7") an a-coupled policy pair if the joint
distribution (a,a’) | s is such that P(a # o’ | s) < « for all s.

We also define

A(s) = Eorr(fs) [An (s, @)] -

Then, we have the following lemma:

Lemma 14. Let (7, 7’) be an a-coupled policy pair. Then, for all states s,

|A(s)| < 2amax|Ax(s,a)l.

Proof.

A(S) = Eo' o [Ar(s,0")]
= E(a,a’)N(ﬂ,Tr’) [A'rr (53 CL/) - Aﬂ'(s3 a)]

as Eqr[Ar(s,a)] = 0. Then, continuing:
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A(S) = E(a,a’)N(ﬂ,Tr’) [A.,T(S, a/) - Aﬂ'(57 CL)]
= Z?T’(a’ | s) Z m(a | s)(Ax(s,a") — Ax(s,a))

A =137 1) ig,w(a | 8)(Ax(s,a") — Ax(s.a))
<1 1) ;w(a ) (A(ssa )|+ 7| 9) ;w(a | $)(Ax(s,a))
<1 1) ;w(a ) (max Ax(s,a))| + 3 7@’ | ) ;ﬂa | 5)(max Ax(s, )|
= max A (s,0)2 7' (a' | ) ;w(a 3)

= 2| max A, (s,a)|

< 2amax |Ax(s,a)|
s,a

Lemma 15. Let (7,n’) be an a-coupled policy pair. Then,
[Eg,~nr [A(st)] = Espnr [A(s1)] | € 2amax |A(s)] < 4a(l — (1 — @)") max|Ax(s,a)].

Proof. Let ny be the number of time steps such that a; # a} for ¢ < t and a; ~ m,a; ~ 7’. This
denotes the number of times m and 7’/ take different actions before time step ¢t. Then,

EstNﬂ—/ [A(St)] = P(Tlt = O)]Estwﬂ"\ntzo I:A(St)} + P(?’lt > O)Est'\/ﬂ/‘nt>0 [A(St):l .

Similarly,

Est’\‘ﬂ' [A(St)} = P(nt = O)Estwﬂnt:O [A(St)] + P(nt > O)Estwﬂ'\nt>0 [A(St)] .

Now,

]Estwﬂ"\ntzo [A(St)] = Estwﬂnt:() [A(St)]

since n; =0 = m and 7’ executed the same actions on all time steps less than ¢. Then,

Egnr [A(80)] = oo [Als0)]

= P(nt > 0) (EStN‘ﬂ”\nt>O [A(St)] - EStNﬂ"’nt>O [A(st)]) .
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Now, since 7 and 7’ are a-coupled, then, P(a =a’ | s) > 1 —a, so P(n; = 0)
P(ny>0)<1-(1-a).
On the other hand, using triangle inequality,
|Est~w'\nt>0 [A(St)] - ]Est'vw\nt>0 [A(St)l

|
S |]EStN7T/"th>O I:A(St):l |+ ‘EStNTF‘n1,>0 [A(St):l |
< 2max |A(s)|

< 4amax|Ar(s,a)]
s,a

Then,

|Eg,~n [A(St)} —Eg, o [A(Sf)]

= ‘P(nt > 0) (Estmw’\nt>0 [A(st)] - ]Estww|nt>0 [A(st)]) |
<4da(l-(1-a)h max |Ax(s,a)].

Now we prove theorem 13:

> (1 - a)t and

Proof. Denote m = moiq and @’ = Tpew. Let € = max, 4 |A,(s,a)]. Then, using performance

difference lemma and the definition of A(s):

On the other hand,

Ly (n") = V(7) + Bsnpr anm[Ar (s, 0)]

o0

Z’Yt[l(st)

t=0
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Combining:
V(n') = La(7)] < Z'Vt ’ETNﬂ’ [A(se)] - ETNW[A(St)H
t=0

Z’ytlleoz(l —(1—a)h)
t=0

:4@(117_17(11&))

_ 4a2ve

(1= 91-91-a)

_ 4a’ve

1= -91-a)
4a’ve

(=)

Now, if we have two policies m and 7' such that maxs; Dy (7(- | s)||7'(- | s)) < «, then we
can define an a-coupled policy with the appropriate marginals by Theorem 32. Therefore, take
40>

a = max, Dy (7(- | s)|[7'(- | 5)), plug this info 524 to conclude. O

From theorem 13, by noting that Drv(p||q)? < Dxw(p|lq), we get that

4
s DR ().

(1-7)

Using this, we can find a preliminary algorithm:

Algorithm: Policy iteration guaranteeing non-decreasing expected return V'

: Initialize policy 7

: for i =0,1,2,... until convergence do

Compute all advantage values A, (s, a)

Solve the constrained optimization problem:

Tip1 = argmaxy [Ln, (m) — C DR (m;, )]

where C' = (1476::)2

and Ly, (m) = V(i) + 32, 0™ (s) 22, w(als) Ax, (s, )
5: end for

. J

This algorithm has guaranteed monotonic improvement. We can now use it to derive TRPO.
Let V(0) :=V(mg), Lo(0') := Ly, (mg), and Dky, (0] 0") := Dk (7 || mo-). We saw that:

V(H) > L901d (9) - CDIIQEX(Qolda 9)
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with equality at 6 = 6,4. Thus, we can improve V() by solving the following optimization
problem:

max Lo, (0) — CDRE* (fola, 0)

However, choosing the step size here is tricky - if we use C' = (14_%)2, then the step sizes become
small. Instead, we solve the following with a trust region constraint:

InéiX Leold (9) (7)

subject to D™ (6o1a,6) < 0 (8)

R
In practice, we use the average KL divergence: D%le (Oora, 0) = By poora [DRL(To,4 (- | 8)||7o(- |

s))]

Lastly, we show how to estimate the objective and constraint functions using Monte Carlo simula-
tion. We replace the objective > p%id(s) " m(a | s)Aq,,, (s, a) with ﬁEswgold)aNﬂe(.m [Ap... (s, a)]].
Lastly, we use importance sampling. Altogether, we have:

mo(a | s)
max Bptoia, ammq Tos(a]s) Agoia (5, a)] (9)
subject to E, o [DL (004 (- | 8) [Imo(- | 8))] <0 (10)

The alternative version is the optimize the following:

mo(a | s)

max E —
o old | T9g1q (CL | 5)

Swpeold ,an~Tg

gy, (5.0) — B~ Dt (ma (- | )| 7o(- | s>>} (11)

(12)

The second version comes from the first via the method of Lagrange multipliers so these are two
equivalent formulations. However, comparing these two versions, tuning 0 (in the first version)
is generally easier than tuning [ in the second version. Also, for the second verison in practice,
TRPO uses the mazimum over KL divergences conditioned on each state instead of the mean.
In other words, optimize:

mo(a | s)

max ]E —_—
o ol | Moo (a ‘ 5)

Agoa(s,a)| = B-max [Dkr, (7o, (- | 8) [ mo(- [5))]  (13)

SNpeOld ,a~Tg
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TRPO solves this optimization problem by making a linear approximation to the objective
L“%m (mp), a quadratic approximation to the constraint and then using a conjugate gradient
algorithm.

Then, the problem becomes:

b (0 — Oo1a) " F (0 — Oo1)

meax g-(0—001a) — 5

2
where g = &L, (mp) and F = 25KLr, (7r9)‘

0=0014 0=0014

This problem can be solved efficiently using the conjugate gradient algorithm.

2.10 Proximal Policy Optimization (PPO)

(This section is written independently of the previous section on trust regional policy optimization
so that it is self-complete, which means there are some repetitions here)

There are two major issues with vanilla policy gradient methods. Firstly, it is difficult to
optimize in the sense that it is difficult to find the right step size to use in gradient descent.
The input data distribution is non-stationary - you sample trajectories using a learned policy,
then you use those samples to update your policy, then you use this updated policy to sample
new trajectories. However, if, at any point in time, you use a set of bad samples and therefore,
your optimisation step is wrong, this could lead to performance collapse - with the bad samples,
you take a ”wrong step” to get a poor policy, with which you sample new trajectories which
are also poor which you then use to optimise again. The second issue is that the algorithm
is sample inefficient - with any particular set of sampled trajectories, we carry out one step of
gradient descent and then throw those samples out. For future optimisation steps, we sample
new trajectories. Although we have made some modifications to the basic vanilla PG algorithm
like we found the actor-critic methods, they are still insufficient in completely curbing these
issues.

We now derive the building blocks of Trust Region Policy Optimisation (TRPO): We already
saw the performance difference lemme:

Now, suppose, our current policy is 7. In our next step, we essentially want to maximize the
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difference between V. — V.. Therefore,

1
arg max Vyp, — V; = arg max T]Ewdﬁf [Eqper [A™(s,0)]]
7.r/ Tr/ — ry ©

1 m'(als) ,x
= argmax ﬁ]ESNdﬂ/ {EGNW {W(a|s A" (s,a)

1 ' (als
~ arg H}Tal,X E]Es,\,dﬂ' |:]Ea~7-r |: ﬂ-((a||s)) AT (37 a/):| :|

=: argmax Ln(7')

where, in the second last line, we made the approximation d™ ~ d~. This approximation only
holds true if

1Ver = Vi = L ()| € OVEs i [Dicr(m([so) |7 (-]s0))]

With this, TRPO maximises L (7") subject to Eswr [Drr(7(:]s)||7'(:|s))] < 0. Note that, in
actual implementation, we use a learned approximation for the advantage function.

Also note that we get monotonic improvement since the KL divergence is zero when 7/ = 7
whereas L, () = 0 too, therefore, the performance of 7’ is at least as good as 7.

PPO [4] slightly modifies this - instead of placing a harsh constraint in the optimization pro-
cess (which requires conjugate gradient descent otherwise), instead PPO brings in 2 variants.

The first is to maximize Eg, g~ q,~x [%Aﬂ(st,at) —-f- DKL(W/(~|St)H7T('|3t)):|- If the KL-
divergence is too high, we adaptively increase 8 and if it is small, then we decrease 8. The other

To(adlsd) - Phen  maximize

variant is as follows - define r;(0) := A AT

T—1
Errmg [Z [min(ry(0)A™ (s¢,a¢), clip(re(0),1 —€,1 + €) A™ (54, at))}]

t=0

The second variant is more commonly used. In practical implementations, we often add an
entropy bonus (similar to SAC) to encourage exploration and prevent collapsing to a local
optimal.

Intuition: let’s see what this algorithm really does. Consider the vanilla algorithm that max-
imizes E;r, [>, 7¢(0)A™ (s¢,a¢)]. If we take the gradient of this with respect to ¢’, then, we
get Brry Do, 7¢(0)Vor(log mor (as | s¢))A™ (s¢,a¢)]. Now, if A™ (s, as) is positive, this means
we take a gradient step in the direction given by Vo (logme (as | s¢)). If this step is too large,
then we will have left the "trust region” in TRPO where 7y, is close to mg. If we compute the
gradient of the PPO objective, we can see that when A™ (s, a;) and whenever r.(6) > 1+ ¢,
the gradient becomes zero i.e. whenver we have left the trust region, we do not update policy

31



anymore suggesting that we need new data and cannot use our old data from previous policy
anymore.

In both variants, the algorithm uses an advantage estimator A“(st, at). PPO uses Generalized
Advantage Estimator (GAE) which we discuss now.

First, we define N-step advantage estimators:

Agl) = T¢ + ’)/V(St+1) - V(St)
(
t

AP =1y + g1 + AV (se42) — Vse)
Agoo) =Tt + YTri41 + ’Y2’I“t+2 + = V(St).
If we define
(52/ =1+ ’YV(St+1) — V(St),
then, these become:
A(l) — 5V
A(Q) =6 +70¢1,
k—1
2k
Ag ) = Z'V 5t+l
=0
Thus, generally,
k—1
AP = N7 Al 4V (se8) — Vise)

GAE is an exponentially-weighted average of k-step estimators:

AGAEOY) — (1)) (A“) FAAP 4 24P 4 )
=(1-2) (5V + A6 + 75t+1 +7 5t+2) )
=(1=N(A+A+N+..)+ 75t+1(>\+)\2+...)+...)

, o1 A, A2
:(1—)\) 6 ﬁ—i—’y(st_;rll A+'}/6t+27)\+

Z (vA) 5t+l

=0

PPO uses a truncated version of a GAE:



Algorithm: PPO (Actor-Critic Style)

1: for iteration =1, 2, ... do

2 for actor =1, 2, ..., N do

3 Run policy mg_,, in environment for 7" timesteps

4: Compute advantage estimates 1211, ey AT

5 end for

6 Optimize surrogate objective L with respect to 6, using K epochs and minibatch
size M < NT

7 Ooq < 0

8: end for

Algorithm: PPO with GAE

1: Initialize parameters ¢, environment state s
2: for iteration £k =1,2,... do

3: dold < ¢

4: (1,5) = rollout(s, 74, )

5: ($1,a1,71,...,87) =T

6: vy =Vy(sy) fort=1:T

7 (Ar.r,y1.:7) = GAE(r1.7, v1.7, 7, A)

8 form=1: M do

9

— _me(als) o
pr= ﬂ"’)old(at\st) fort=1:T

10: pr =clip(py) fort =1:T

11: L(¢) = 271 Pro(Va(se) — )2 — Ape min(pAe, frAs) — Nens H(7o(-|50))]
12: @< 0 —nV4L(P)

13: end for

14: end for

2.11 Soft Actor-Critic (SAC)

Soft Actor-Critic [5] is an off-policy actor-critic algorithm that aims to learn a policy that
maximizes rewards while also acting as stochastically as possible. In other words, if there are
two actions that both achieve the same maximum rewards, our goal would be to assign nearly
equal probability mass to both of them. This falls under a general framework called maximum
entropy reinforcement learning where the goal is to maximize (assume a finite horizon task with
discount factor v = 0):

T

J(0) =D Eappro s [F(s1,a) + aH (w(- | 1)) (15)
t=0

where H(p) is the entropy of the distribution p.

There are many benefits to learning such policies. Firstly, sometimes we would want our agents
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to learn multiple strategies for solving a task. Imagine building an agent that plays chess - it
would be a problem if the agent acts deterministically (or close to deterministically) because then
its opponent could very well predict its moves. Secondly, a highly stochastic policy would also
end up doing more exploration allowing us to potentially uncover even more optimal strategies
as training progresses, instead of collapsing to suboptimal ones.

First, we define the modified Bellman backup operator that gets us the soft Q-value correspond-
ing to J(0) as in equation 15:

Definition 9. (Bellman backup for soft Q-value). The soft Q-value of a fixed policy = can be
computed by repeatedly applying the modified Bellman backup operator:

T Qx (¢, ae) := (s, 1) + VB, p(lsisan) [V (St41)]
where
V(st) = Eaymrn [@n(st,at) — logm(as | s¢)].
The fact that this converges comes from the following result:

Lemma 16. For any mapping QY : S x A — R with |A| < co and Q! = 77QF. Then, the
sequence QF converges to the soft Q-value of  as k — oc.

Proof. Define ry (s, as) = r(st,at)+Eq, ~pP(|ss,a0) [H(T(|5¢41))]. Then, Qr(s¢, ar) < rr(s¢, as)+
VEs,. ~Parii~n [Q(St41, a141)) is the update rule. Given |A| < oo, the entropy augment reward
rr is bounded. Using this, we can show the convergence as required following similar steps as
for classical policy evaluation. O

Given this evaluation, we can then do policy improvement as follows:

Tnew = arg 7{1/%% D1, <7T/(' | se) | Zmo1d ()

where Z7™4 is the partition function that normalizes the distribution. We can prove that this
results in an improved policy as follows:

Lemma 17. Let moq € II and let 7w be the resulting policy from the soft-policy improvement
step. Then, Q™ (s¢,a;) > Q™ (54, a) for all (s4,ay € S x A with |A] < oco.

Proof. Given myq with corresponding @74 and V™4, we can define
e | 5¢) = axg min Dic (7' (0)] | exp(Q™ 51, ) — log 274 (s1)))

=:arg glé% Irora (7T/('|St))'

Now, Jr_ 4 (Tnew(:|5t)) < Jroia(To1a(+]$¢)) since we could choose myew = Tolg i our minimization
process. Therefore, expanding this line, we get:
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Eaimmew [log 7TrAeW(at ‘ 5¢) — Q™M (54, ar) + log Z™M (St)]
< Eaymmoa 108 Tora (@ | 5¢) — QT (¢, ar) + log Z7 (s4))]

Since Z™ is independent of a;, this reduces to

Eatrw‘/rnew [Qmﬂd (Sta at) - 10g Tnew (at ‘ st)] Z Y/ mend (St)

Then,

Q™ (54, a) = 1(8¢,a1) + Vs, [V (5¢41)]

< 7(st,a0) + VEsp 1o P [Baysy e [Q7 (St41, Grp1) — 108 Trew (arg1 | se41)]] -

< Qe (8¢, a)

where the expansion uses Eq, r... [Q™" (5¢, at) —log Thew(as | $¢)] = V™4 (s;). The convergence
follows from the previous lemma. O

The soft-policy iteration algorithm essentially works like policy iteration except we alternate
between soft policy evaluation and soft policy improvement as described above. This algorithm
will, in fact, converge to the optimal policy as proven in the following theorem:

Theorem 18. The soft policy iteration algorithm over m € II converges to a policy 7* such
that Q™ (s¢, as) > Q™ (s¢,ay) for all 7 € I and (s4,a;) € S x A, assuming |A| < co.

Proof. We know by the previous lemma that Q™ is monotonically increasing. However, Q™ is
bounded above since the reward and entropy (given |A| < co) are bounded above. Therefore,
the policy iteration will converge to some 7*. Now, we claim that this policy is optimal. Since
7* is the policy at convergence, we have that Jp«(7*(+|s¢)) < Jp=(mw(-|s¢)) for all w7 € II such that
7 # m*. From this, we can easily show that Q™ (s;,a;) > Q™ (s¢, a;) for all s, and ay. O

The catch, however, is that performing the exact optimization in each of these steps may not
be tractable. We now describe the practical algorithm we get from SAC.

In SAC, we parametrize three function: Vi (s;) (to estimate the soft state-value function),
Q4(st,ar) (to estimate the soft state-action value function) and mg(as|s). Although technically
we do not need to have separate function approximators for V and @, doing this improves
training stability. In practice, Vi (s:) and Qg(s¢, ar) could be neural networks where as the
policy could be Gaussian with mean and covariance given by neural networks.
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The soft value function is trained to minimize the following loss:

JV(?/J) =E;,~p % (Vw(st) - anwe(-\st) [Q¢(St, at) - logﬂg(at|st)])2

Here D is the replay buffer. The gradient is computed as the following unbiased estimator:
Vydv () = VyVi(se) (Vi (se) — Qo(se, ar) +log ma(arlst))
where the actions are sampled a; ~ 7y(+|s;).

The soft Q-function is trained to minimize the soft Bellman residual:

72(9) = Eseenm E <Q¢(5t,at) - Q(St,at)>2:|

where Q(s¢,a;) = (s, a;) + VEs,1~p [Vi(5e41)]. Here Vj is our target network where ¢ is an
exponentially moving average of the value network weights. The gradient of this is computed
as the estimator:

Vs(Jo(9)) = VeQp(st:a)(Qq(st, ar) — r(se, ar) — YVi(st41))-

Finally, we can find the policy by minimizing the expected KL-divergence:

Jo(6) = Ea,p {DKL (M(. s I p«m»ﬂ _

Zg(St)

To minimize this, we use the reparametrization trick: let a; = f4(es; s;) where ¢ is an input
noise vector sampled from a fixed distribution (say, normal). Then,

Jr(¢) = Es,nD,einN [10g77¢ (f¢(€t; st) | st) — Qo (st, f¢(€t; st))] -

Here we ignored the partition function since it does not depend on ¢.

Then,

Ve dn(9) = Vglogms(as | s¢) + (Va, log ms(as | s:) — Va,Qo(st,a)) Ve foler; st),
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Algorithm 1: Soft Actor-Critic

1: Initialize parameter vectors 1, ¥, 6, ¢
2: for each iteration do

3: for each environment step do

4: ay ~ mg(ag | st)

5: St41 ~ P(St+1 | 8¢, 1)

6: D<—'DU{(St,at,r(st,at),st+1)}
i end for

8: for each gradient step do

9: Y= — /\vaJv(lﬂ)
10: for i € {1,2} do
11: 0; + 0; — AoV, Jo(6:)
12: end for A

13: ¢« ¢_)\7rv¢']7r(¢)
14: Y+ TP+ (1—7)P
15: end for
16: end for

2.12 Deterministic Policy Gradient Methods (DPG)

Notation: We denote 7] = 37, v*7'r(sy, ax). Then, V™(s) = E[r]|S; = s;7] and Q" (s,a) =
E[r]|S1 = s, A1 = a;7]. The density at state s’ after transitioning for ¢ timesteps from state s is
p(s — &', t,m). The improper, discounted state distribution is p™(s’) := fs S T i (s)p(s —
s, t,m)ds.

Suppose, A = R™ and S = R<.

Goal: Learn a policy which maximizes J(7) := E[r]|7]. With our notation, this becomes:

J(mp) :/Sp”(s)/Am(s,a)r(&a)dads:Eswpw,aw,rg[r(s,a)].

Intuition behind the deterministic policy gradient theorem:

Most model-free RL algorithms use policy evaluation and policy improvement together. Eval-
uation approximates Q™ (s,a) and then improvement updates the policy, most often through

7k +l(s) = argmax, Q’Tk(s,a). However, in continuous action spaces, this is difficult since the
arg max, requires a global maximisation at each step and our action space is very large (because
it is continuous). Instead, the idea is to move the policy in the direction of the gradient of @™
(instead of maximizing it altogether). Then

9k+1 — ek + aES,\,pgk [VQQTFB (877{'9 (8)].
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By chain rule this becomes
9k:
PE+l — gk 4 aEg. 0 [Vgﬂ'e(s)VaQ7r (8,0)]g=ro(s)]-
Notation: To distinguish between stochastic and deterministic policy, we will use pg(s) as our
deterministic policy.

More formally, our performance objective is

J(po) = /Sp”"(S)T(S,ue(S))ds = Espra [1(5, 10(5))]

Then,

VQJ(,ug) = /Spm} (S)Vglug(s)anM’ (57 a)|a:;te(s)d5 = ESNP“(? [Vﬂﬂe(s)an’“’ (57 a)|a:M9(s)]
(16)

On-policy algorithm: We have a critic that estimates the action-value function while the
actor updates the policy by ascending the gradient of the action-value function (using equation
16). The critic, Q% (s, a) approximates Q*(s,a). The update rules are :

O =1 +¥QY (St41, arp1) — QY (S¢, ar)
Wig1 = Wi + Q0 Vi Q¥ (8¢, at)
6t+1 =0+ OZGVO,UJQ(St)VaQw(Stv at)‘a:ug(s)

Off-policy algorithm: Suppose we have trajectories generated by behavior policy 7(s,a). The
new objective becomes:

T (pig) = /S P (s)VP(5)ds = /S P (5)Q" (s, po (5)) s

and the update rule becomes

VoJr(p(0)) = Lp“(S)Veﬂe(GIS)Q“(s,a)ds = Eawpr [Voro(s)Va@Q" (5, 0)lazpua(s)] -

Now we can develop an actor-critic algorithm similar to the on-policy case:our critic is Q% (s, a):

O = e +7Q" (St41, o(5¢41)) — Q" (5¢,ar)
Wig1 = Wi + Q6 Vo Q¥ (8¢, ar)
Orp1 = 01 + agVapig(s:)VaQ" (515 at)|a=pg(s)
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3 Tabular MDP

3.1 Policy Evaluation

In this subsection, we will look at policy evaluation methods for when we know the underlying
environment dynamics P(s¢;+1 | $t,a¢) and the environment’s reward model.

First, why do we care about policy evaluation? Even if we solely care about finding the optimal
policy, policy evaluation can be very useful. Generally, if we can evaluate a policy, we should
be able to update the policy. Suppose we have a policy w. If we know Q(s,a), then we can
improve the policy. For example, e (a | $) = 1{a = argmax, Q™ (s,a’)}.

The question is - how do we evaluate a given policy 77 We can do this via the Bellman backup.
We initialize V;(s) = 0 for all states and then iteratively update V, at every state using the
reward model and dynamics model - both of which we are assuming we know.

Algorithm: Policy Evaluation of policy 7

1: Initialize V(s) = 0 for all states s

2: loop

for all s € S do

1 Va(s) = 3, 7(als) [r(s, @) + 75, P(s']s, a) Vi (s")]
5) end for

6: Until Convergence

7: end loop

\. J

&

This update is called the Bellman backup for a particular policy: VX 1(s) = B,V¥(s) where
VF(s) is the value function estimation at iteration k of our algorithm. To do policy evaluation,
we repeatedly apply the Bellman operator B, to V(s) = 0 i.e V; = B;B---B;V where
BV (s) = Equn(als) [1(s,a) + 7>, P(s'|s,a)V(s')].

Lemma 19. (Bellman Backup is a contraction). For v < 1 or for finite horizon tasks,

1BV = B"V'[| o <AV = V|-
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Proof. For any state s, we have that:

IBTV(s) — B™V'(3)] = |Eqmr

r(s,a) + v Z P(s'|s,a)V(s")

s’

<y mlals)P(s'|s,a)(V(s') = V'(s)

<D wlal s)P(s'|s,a)(V(s') = V'(s"))

a,s’

=7V -V'|,

Since this is true for any state s, we conclude the desired result. O

Proposition 20. (Convergence of Policy Evaluation). Suppose v < 1 and suppose ||V —V’|| <

oo. Then,
lim (B™)"V =V,

n—oo

Proof. First, note that B™V, = V.. Therefore, V; = (B™)"V,. Now, we write:
lim 4||(B7)" 'V = (B")" " Vel

A

IN

lm Y|V = Va|loo
n—oo
= 0’

3.2 Policy Iteration

In policy iteration algorithms, we alternate between evaluating a policy and then improving the
policy using the evaluation. We usually do so by estimating ¢ (s, a).

Assuming we know the model dynamics P(s;41 | 8¢, a¢), we could easily do this using the policy
iteration algorithm:
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Algorithm: Policy Iteration

1: Set i =0

2: Initialize 7y(s) randomly for all s € S
3: while i =0 or |m; — m;—1| > 0 do

4: Vi, < Policy Evaluation of m;:

5 for all s,a do

6 an(5,0) = R(s,a) + 7 X, P(s']s, a)Va, (')
7 end for

8 mi+1 < Policy Improvement:

9: for all s do

10: mit1(s) = arg max, qr, (s, a)

11: end for

12: 1=1+1

13: end while

. J

Note: This method leads to deterministic policies since we define 7(s) := arg max, ¢- (s, a).

Now we analyse this algorithm and show the monotonic improvement of policy learned via policy
iteration.

We say Vp, >V, if and only if Vi, (s) > Vg, (s) for all s € S.

Lemma 21. (Monotonic improvement). V.., > Vi, with strict inequality if 7; is suboptimal,

where ;41 is the new policy we get after policy improvement on ;.

Proof.

Vi, (8) < max gq, (s, a)

= m‘?xr(s,a) + ’}/ZP(S/‘S, a)Vp, (s
=r(s,m1(s)) +7 Z P(s'|s,mi11(8)) Vi, (s')

< r(s,misa(5) +7 Y P(S|s, mia(5)) max g, (5, )

= 7(s,mi41(5) +7 D P(s|s, mig1(9)) | (s, miga () + 7 D P(s7]s, mira (5)) Vi (7)

=V,

Ti4+1 (S)
O

The maximum number of iterations that the policy iteration algorithm can run for is |.A|!S].

41



This is because this is the maximum number of policies possible for the MDP (since we get
deterministic policies) and since we have monotonic improvement, no two policies will be the
same (unless it is the optimal policy).

3.3 Value Iteration

So far, we evaluated a particular policy 7, then improved the policy, and evaluated the new
policy again in a loop. In particular, we take one policy and evaluate it; to do so, we require
looking at trajectories that the policy would take.

The next algorithm will aim towards approximating the value of the optimal policy directly.
These algorithms are called off-policy, whereas policy iteration is called an on-policy method.

Algorithm: Value Iteration

1: Set k=1
2: Initialize Vj(s) = 0,Vs
3: repeat
4: for all s € S do
Vies1(s) = max, (7(s,a) +7 5, P(s']s,a)V(s"))
end for
for all s € S do
Trt1(s) = argmax, (r(s,a) + 7>, P(s']s,a)Vi(s"))
end for
10: E=k+1
11: until convergence

The value function update can be written using the Bellman backup operator which, when
applied to a value function, returns a new value function that improves on the input value
function if possible:

BVi(s) := maaxr(s,a) + WZP(S/‘S, a)Vi(s')

and then
V]@+1(8) = BVk(S)

Furthermore, for a greedy policy 7,
B,V = BV.

Lemma 22. (Bellman Backup is a contraction). For v < 1 or for finite horizon tasks,

1BV = BV|| o <AV = V/||w-

42



Proof. For any state s, we have that

|BV (s) — BV'(s)| = ’mgx (r(s,a) + 72 P(s|s, a)V(s’)) — max (r(s,a’) + 'yZP(s”\s, a’)V’(s”)) ‘

s’ s’

(r(s,a) + 72 P(s|s, a)V(s’)) — (r(s, a) + 'yZP(s'|s,a)V’(s')> ‘

s’ s’

< max
a

v P s, a)(V(s) — V’(S’))|

< max
a

< max |
a

> P(s']s,a)(V(s') — V’(S’))‘

=7V -V'|,

O

Proposition 23. (Convergence of Value Iteration). Suppose v < 1 and suppose ||V — V.|| < oo.
Then,
lim B"V =V,

n— oo

Proof. First, note that BV, = V.. Therefore, V, = B"V,. Now, we write:
lim ||B"V = V,||= lim ||B"V — B"V,||
n—oo n— o0
< lim 4||B"'V — B" V||
n—oo
< lim ™|V = V]|
n— o0
=0.

There are two main limitations of exact solutions methods like policy and value iteration.

1. They require access to dynamics, or the transition model P(s'|s, a).

e We can use sampling-based approximations to collect experiences and learn the dy-
namics if they’re not provided.

2. Looping requires iteration over all states and actions, which is impractical for large MDPs.

o We can use @Q-value or state-value-function fitting over tabular approaches. Instead
of storing a table with all values, we have a function that takes in states and outputs
corresponding value.
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3.4 Useful Results on Bellman Operators

Proposition 24. For any policy 7 and value function V, we have

|V =V, < w
and
v — 1_,}/ .
Proof.

IV~ Vil = IV~ BV + BV - V4|
<|IV—BV|| + BV - Vi|
— ||V - BV||+ BV - BV.|
<|IV=BV| +~|IV - V]|
v - BV||
V-Vl <

The second equation can be proven in the same way.

Proposition 25. If 7 is greedy, Vz(s) > Vi(s) — 12767 where € = ||[BV — V||.

Proof. Recall B™V = BV for a greedy policy 7.

Vi(s) = Va(s) < [[Va(s) = Va(s)l
= [[Vi(s) = V(s) + V(s) = Vx ()]l
<Vals) =Vl + IV (s) = Va(s)ll
V=BVl [V =BTV

1—7 11—

2e

1—'y'

— —

Proposition 26. If V > V,, then Vz(s) = Vi(s) — 1.

Proof.
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Proposition 27. For 7 a greedy policy,

2
Va(s) > Vi(s) — 1 i,yv.
Proof. We know
€
— <

V-Vl =

and c
V-Vl <——.
V-Vl < 1

Rewrite this as V(s) < Vx(s) + = (since V{(s) = Vz(s) < [[V(s) = Vx(s)|| < =) and similarly
Vi(s) <V(s) +

€
1—v-

Then, we write

Vi(s) = r(s,a) + 7Y P(s'|s,a)Vi(s))

<r(s,a) +v ) P(s']s,a)(V(s') +

=r(s,a) + 'y%:P(s'|s,a)V(s’) + 17 S

< r(s,0) +7 3P($ 18,0 (Va(s) 1) +
ye ye
1—7 + 1—7

ry

=7(s,a) +7)_ P(s']s,a)Va(s) +

2
= Vi(s) + 1.
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4 Value-based Methods

Now we look at how to evaluate algorithms when we do not know the underlying dynamics
models or reward model. In this case, in order to evaluate the policy, we need to rollout the policy
i.e. get trajectories under policy 7, observe rewards and then evaluate the policy m. Having
evaluated the policy, we seek to improve the policy using some sort of policy improvement step.
Such methods are on-policy methods - we require trajectories sampled using a specific policy =
to be able to evaluate m which we then improve to get mpew-.

There are also methods that are called off-policy - these methods can improve a policy 7 to
Thew USINg trajectories sampled by a host of other policies, not necessarily just 7. As such,
these methods get greater sample efficiency.

4.1 Monte Carlo Policy Evaluation

The idea of Monte Carlo policy evaluation is simple - sample multiple trajectories using a policy,
observe the rewards gotten from a state s to compute V. (s).

Algorithm: First-Visit Monte Carlo (MC) Policy Evaluation

1: Initialize N(s) =0, G(s) =0 for all s € S

2: loop

3: Sample episode = Si,1, Q3,15 74,15 84,2, A3,25, 74,25 -+« 5 S5, T; 5 i Ty 5 T4, T;
4: for each time step ¢ until 7; (the end of episode i) do

e Define G ¢+ = ¢ +y7i 41 + 72Ti,t+2 qFooo gF ’YTiit’l"LTi

6: if this is the first time ¢ that state s is visited in episode i then
T Increment counter: N(s) < N(s)+1

8: Increment total return: G(s) < G(s) + Gy

9: Update estimate: Vi (s) < IC\’;EZ%
10: end if
11: end for
12: Until Convergence
13: end loop

In this algorithm, the learned Vﬂ(s) becomes an unbiased estimator of the true value function
at state s, Vr(s). However, this also has high variance.

There are multiple variations of this idea that aim to make the learning more stable. For
example, here is another algorithm:
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Algorithm: Incremental Monte Carlo (MC) Policy Evaluation

1

2 Sample episode = Si,1, Q3,15 74,15 54,2y 3,25, 74,25 -+ + 5 4. Ty 5 Qi Ty 5 T4, T;

3 for t =1 to T; do

4: Compute return: G, = 15 + Vi e41 + V2ripqpa + o+ fyT’?’trLTi
5: Update estimate: V7™ (s;4) <= V7 (si¢) +a(Git — V™ (si))

6 end for

7 Until Convergence

8: end loop

\. J

Note that generally Monte Carlo approaches require episodic settings - you need a full trajectory
to be able to make an update to your value estimate.
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4.2 TD Learning

Now we take a look at a model-free policy evaluation algorithm that does not require function
approximation. TD Learning is an algorithm for learning the value function corresponding to
a policy when we do not know the dynamics of the environment. The main idea is to use
bootstrapping: update Vi (s:) < Vi(s:) + a((rs + YV (st11)) — Vi (s¢)). With this, we have the
algorithm:

Algorithm: TD(0) Learning to evaluate policy =

1: Initialize V(s) = 0 for all states s
2: loop

3: for all s € S do

4: Vi(st) < Va(se) + al(re + YVa(si41)) — Va(se))
B end for

6: Until Convergence

7: end loop

When analysing this family of algorithms, we often require the TD(0) error:

515 =Tt + ")/Vﬂ(St_A,_l) — VW(St).
The first major benefit of TD(0) learning is that we can update our value function immediately
after observing (s, as, ¢, St41) - we do not need to wait until the end of the trajectory. This

also means that TD(0) learning can easily be used for non-episodic/continuing settings (i.e. the
task horizon goes to infinity).
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4.3 Q-learning

The rough idea of our algorithm will be as follows. We want to initialize a policy 7 and then
(1) evaluate 7 i.e. find g, (s,a) and then (2) improve 7 i.e. find Tpew given ¢ (s, a).

However, the policy improvement step here is not trivial. To update a policy, we would be
increasing the probability of taking actions that have a higher expected sum of returns than
what the current policy’s actions get. However, how do we know the expected sum of returns
from an action that our existing policy does not take? In other words, for policy improvement,
we require exploration - trying out actions that our existing policy would not take and seeing
how good they are so that we can guide the policy improvement step. This brings us to e-greedy
policies - a simple method for exploration.

Definition 10. (e-greedy policies). Given ¢,(s,a) for a policy m, we define the e-greedy policy
to be me(a | s) = (1 —e+ ﬁ) -1{a = arg maxy g (s,a’)} + <\7§l|) - 1{a # arg max, ¢ (s,a’)}.
In other words, with probability |,€T\7 our policy will take a completely random suboptimal action
that we will uniformly sample.

Now we turn our attention to Q-learning.

Goal: we aim to learn ¢, (the state-action value function of the optimal policy) given trajectories
rolled out using a different behavior policy m3. In most cases, we would be using mg to be an
e-greedy policy so as to enable exploration (which is necessary to do policy improvement).

The key idea is to have an estimate of g, which we will write to be just ¢ and we will update
this ¢ using both our observes rewards and bootstrapping. We do this via the following update
rule:

q(se, ae) <= q(se, ar) +a((re + VH}la,XQ(Stera') = q(st, ar)).

Note that we are updating the ¢ value by taking the max over subsequent action a;y; i.e.
pushing our current estimate ¢ to an larger estimate. This is how we attempt to get towards
estimating q.(s,a).
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Algorithm: Q-Learning with e-greedy Exploration

1: Initialize ¢(s,a) for all s € S,a € A, set t = 0, initial state s; = sg

2: Set behavior policy 7, to be e-greedy w.r.t. q

3: loop

4: Take action a; ~ mp(s¢) > Sample action from policy
5 Observe reward 7; and next state sy

6 q(st,at) < q(st,ar) + o (ry + ymax, q(se41,a) — q(St, ar))

7: m(s¢) = arg max, q(s¢, a) with probability 1 — ¢, else choose action randomly

8: t—t+1

9: end loop

In most real-world settings, we actually update the o parameter as well based on the number

of iterations of udpates we have done. For example, letting iteration number (for the outermost

loop) be i. Then, we update a; = %

Q-learning converges to optimal policy even if actions are suboptimal. The caveats are that
there must be enough exploration and o must decay over time. Formally, this means:

1. All states and actions are visited infinitely often. In the limit, it doesn’t matter how you
select actions.

2. There is a learning rate schedule such that for all (s, a):

oo oo
Z at(s,a) = 0o and Z a?(s,a) < oc.
t=0 t=0
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4.4 Value Function Approximation

Given a policy m, we want to query ¢-(s,a). But how do we do so? The Q-learning algorithm
we saw above requires taking the max over all actions in the action space. But as action space
gets larger, this algorithm requires a very large number of iterations for convergence. What if
we instead learn the function? For example, we may parametrize ¢, (s, a;¢) and update the
parameters ¢ as to best approximate ¢, (s,a) (or parametrize g(s, a; ¢) in order to approximate

q«(s,a).

Now, fitting such a function would be easy if we knew the true ¢,(s,a). We would just be
minimizing the squared error

ETNP,((~) [(qﬂ—(St, at) - qﬂ-(sta at; ¢))2] :

However, we do not have the true g, (s¢, a;) available to us. So we will estimate the target that
we are fitting through various techniques.

4.4.1 Monte Carlo Value Function Approximation

In this algorithm, we want to learn ¢, (s, a) i.e. the g-value of a particular policy m. We we will
use a Monte Carlo estimate of the target that we want to fit.

Algorithm: MC Value Function Approximation for Policy Evaluation

1: Initialize ¢, k =1

2: loop

3: Sample k-th episode (sk.1,ak1,Tk 15 Sk.2; - - -5 Sk,L,,) given policy 7
4 fort=1,...,L; do

5 if first visit to (s, a:) in episode k then

6: Gi(s,a) = ]L:’“t Tk

7: V¢J(¢) = -2 [Gt(S, a) — (j(St, A, ¢)] V¢qA(St, Qi ¢)
8: Update weights: ¢ < ¢ — aVyJ(¢)

9 end if

10: end for

11: k+—k+1

12: end loop

4.4.2 TD Learning for Value Function Approximation

In this algorithm, again, we want to learn V. (s) using f/,r(s; ¢). However, this time, we will
compute the target using a TD estimate. In other words, our target will be r; + 'yV,,(stH; o).
This uses three kinds of approximation in computing the target: sampling (sampling the next
state s;11), bootstrapping and value function approximation.
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Algorithm: TD(0) Value Function Approximation for Policy Evaluation

1: Initialize ¢, s
2: loop
3: Given s, sample a ~ 7(s), observe r(s,a) and s’ ~ p(s' | s,a)

£ Vyd(@) = 2|7 +Va(s'50) - Va(s:9)| ViV(si0)
5: Update weights: ¢ < ¢ — aV4J(0)

6: if s’ is not a terminal state then

7: Set s «+ s’

8: else

9: Restart episode, sample new initial state s
10: end if

11: end loop

4.4.3 Deep g-learning

In this algorithm, we aim to directly learn g¢.(s:,a:). To do so, we will set the target to be
r(st, at) +7maxg,,, G(St+1, at+1; ®) and minimize the squared error between this target and our
estimate (s, ag; @).

This algorithm is off-policy - our trajectories could be sampled using any behavior policy. How-
ever, the issue with this algorithm is that this suffers from the ”deadly triad” that often leads
to lack of convergence due to rapid oscillations in the target. The deadly triad is characterized
as a learning algorithm that incorporates (1) bootstrapping (2) function approximation and (3)
off-policy learning.

In the case of g-learning with function approximation, the two major sources of instability
come from (1) correlation between samples (i.e. different tuples of the form (s, a,r,s’) within
a trajectory) and (2) non-stationary targets (since we are doing bootstrapping with a function
approximation).

To deal with these issues, deep g-learning uses a number of techniques.

Replay buffer: To remove correlations between samples, the replay buffer, D, is used. The
replay buffer is a dataset containing all tuples of the form (s,a,r,s’) from prior experience.
Then, during learning §(s, a, ¢), we sample an experience (a tuple (s,a,r,s’) ~ D) and then
perform a gradient step.

Fixed g-targets: We use a different set of weights ¢’ for our target. In other words, we are train-
ing (s, a; ) but when computing the target, we will use r(s¢, a;) +ymaxa, , §(Si41, @415 ¢).
What does this ¢’ look like? Say, we are updating ¢. For a number of iterations/epochs, we
will fix ¢’ and only update ¢. Then, we will set ¢’ to be equal to ¢ for the next interval.

A preliminary deep g-learning algorithm is provided below:
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Algorithm: DQN Pseudocode

1: Input: C, «, D = {}; Initialize ¢, ¢' = ¢, t =0
2: Get initial state sg

3: loop

4: Sample action a; using e-greedy policy for current (s, a; @)
5: Observe reward 7; and next state sy

6: Store transition (s, at, ¢, S¢+1) in replay buffer D

7: Sample random minibatch of tuples (s;, a;, i, $;41) from D
8: for iter in {1,--- , K} do

9: if episode terminated at step ¢ + 1 then
10: Yi =15
11: else
12: Yi = 7 +ymaxy §(siq1,0a’;9')
13: end if
14: Do gradient descent step on (y; — G(s;, a;; ¢))?:
15: Aw = a(y; — 4(si,ai;9))Ved(si, ai; ¢)
16: end for

17: t—t+1

18: if mod(¢,C') == 0 then
19: ¢ — ¢

20: end if

21: end loop

We usually set K = 1 although larger K provides more reliable signal.

Note that we need not only use e-greedy policies for exploration. For example, especially in
continuous action spaces, one can use Boltzmann exploration: 7(a | s) x exp (G(s, a; ¢)).

Another modification we often need is what is often called double g-learning. Notice that the
target y; = r; + vy maxy §(si+1,a’; ¢') computes a max over actions. However, if there are some
actions a’ for which we had few datapoints in our dataset such that (s;+1,a’; ¢') is inaccurate,
we might end up electing the wrong target.

Now, note that max, q(s,a’; ¢') = q(s,arg max, q(s,a’; ¢’)). Now, note that, on the right hand
side, we are computing the value using ¢(-, -; ¢') and the action we are using is found by taking
the arg max over ¢(s,a’;¢’). We want to try and decorrelate the noise between these two
estimates. Double g-learning trains two networks:

target for
(—

a(s, 0 6 r(s,0) + ya(s', arg max a(s', s 610 ); 6p)

and

target for
%

q(s,a; ¢') r(s,a) +7q(s', argmaxq(s', a'; §5); $.a)
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The main idea is that we want to select the ”optimal actions” using one target network and we
want to evaluate the action using a different target network. In practice, we use ¢ to evaluate
action and use ¢’ to evaluate the value.

Algorithm: Double DQN Pseudocode

1: Input: C, «, D = {}; Initialize ¢, ¢’ = ¢, t =0

2: Get initial state sg

3: loop

4: Sample action a; using e-greedy policy for current (s, a; @)

5: Observe reward 7; and next state sy

6 Store transition (¢, as, ¢, S¢4+1) in replay buffer D

7 Sample random minibatch of tuples (s;, a;, 7;, $;41) from D

8 for iter in {1,--- , K} do

9 if episode terminated at step ¢ + 1 then

10: Yi =15

11: else

12: a* = argmax, §(Sit+1,a’; @) > action selection using online net
13: yi = 1i +vG(8541,0*;¢") > action evaluation using target net
14: end if

15: Do gradient descent step on (y; — 4(s;, a:; ¢))%:

16: Aw = a(y; — §(si,a:50))Ved(si, ai; @)

17: end for

18: t—t+1

19: if mod(¢,C') == 0 then
20: ¢ — ¢

21: end if

22: end loop
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5 Offline Reinforcement Learning

Online reinforcement learning requires expensive data collection (often times for each gradient
step unless we are completely off-policy). Offline reinforcement learning allows us to use data
collected by humans, agents or systems. This is important if data collection is expensive or
unsafe. This can also act as a method for warmstarting online RL.

5.1 Overestimation Issue

Let us take a slight detour. Recall that in Q-learning, we aim to learn the optimal Q-function i.e.
Q+(s,a) corresponding to the optimal policy. This means, in Q-learning, we collect data using a
behavior policy g and then push our g-function iteratively towards trying to approximate the
optimal Q-function (hence the max over a’):

q(s1,a1) < qlse, ar) + alr(se, ar) + ymaxq(si1,a’) — (st ar)).

Recall that this works if your mg has sufficient coverage (meaning, it sufficiently explored),
which is why we used e-greedy policies or Boltzmann-sampling policies. If w3 does not have
sufficient coverage, then your estimated Q-function will be inaccurate at actions a’ that was not
sufficiently explored by 3.

In offline RL, there is no guarantee that your behavior policy w3 will actually have sufficient
coverage. As such, we cannot just learn a g-function as above. In other words, if we tried to learn
a Q-function Qg (s, a) by minimizing E(S)a)s/)wpm [(r(s,a) +ymaxa Qo(s',a’) — Qy(s,a))?], we
would suffer from overestimation - if there is an action a’ that was not sufficiently taken by g
from s, then Qg(s’,a’) would be inaccurate and if it is too large (i.e. overestimated by our
learned g-function), then we would use that in our target.

5.2 Implicit Q-learning
Implicit Q-learning [6] attempts to learn a g-function by only considering actions that are in the

support of the data distribution or the behavior policy mg. As such, the goal is to learn Qg(s, a)
by minimizing

max
a’'€A,mg(a’|s’)>0

2
L(0) =Fsas l(r(s,a) + Qy(s",a") — Qo(s, a)) ] )

To do so, IQL uses expectile regression.

Let 7 € [0,1]. Then, the T-expectile of a random variable X is defined as

argmin E,x[L](x — m,)]
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where L3 (u) = |1 — 1{u < 0}|u®. Note that when 7 > 0.5, the loss function downweights the
contribution of any m. that is larger than x. Suppose 7 = 0.6. Then, if £ > m,, we have that

LY%(x —m,) = 10.6|(x — m,)%
On the other hand, if x < m., we have that
LY%(x —m,) = 10.6 — 1|(z — m,)? = 0.4(x — m, )%
As such, we penalize more when x > m...
Now, the main idea is to learn Qg(s, a) by minimizing:
L(0) = Es,a,00)~p [L3(r(s,0) +7Q4(s",a) — Qu(s,a))] .
Note that the loss is greater if Qq(s,a) < r(s,a) +vQ4(s’,a’). The loss is smaller if Qg (s,a) >

r(s,a)+vQ4(s',a’). This is how we push the Q-function towards the upper expectile of the TD
targets (i.e. pushing Qg (s, a) closer and closer towards 7(s,a) + v maxys x4 (a|s)>0 Qo (s', a’).

This objective suffers from instability. This is because, we have an expectation over s’ ~
P(-s,a). If the next state s’ is a lucky sample where we have a very high Q;(s’,a’) for some a’
in the dataset, we would be pushing our Qy(s,a) towards that (or even greater than that) even
though that was merely a lucky sample.

To fix this, we first learn a value function Vi (s) by minimizing
Ly (¢) = Esanp [L5(Q4(s,a) — Vi(s))]

where, note that, the only samples we are taking from the dataset are s and a, not the next
state s’. Because we are using expectile regression, this is still pushing V;;(s) towards the upper
expectile of @ values. Then, we learn the @ function by minimizing:

LQ(Q) == IEs,a,s’w'D [(7"(8, (l) + ’va(s') - QQ(S, a))z}
where we can now just do normal MSE.

Next, we extract the policy from this learned Q-function using the AWR objective:

Lx(¢) = Es.anp [6’8(%(5’“)7%(5)) log mg(a | s)}
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Algorithm 1: Implicit Q-learning]6]

Initialize: parameters ¢, 6, é, 10}

TD learning (IQL):

for each gradient step do
Y — ¥ — Ay Vy Ly (¥)
0+ 0 — )\QV@LQ(Q)
0« (1—a)d + ab

: end for

=
o

: Policy extraction (AWR):
: for each gradient step do

¢ — & — A\ Vg Lr(0)
: end for

e

5.3 Conservative Q-learning

CQL learns a conservative Q-function such that the expected value of a policy under this Q-
function lower bounds its true value.

Recall that mg(als) represents the behavior policy and D is the dataset. Since D does not
typically contain all possible transitions (s,a,s’), the policy evaluation step uses an empirical
Bellman operator that only backs up a single sample. We denote this B™. Given a datset
D = {s,a,r,s")} of tuples from trajectories collected under behavior policy mga:

. . 2
QF ! arggﬂnEs,a,s’ND [((r(s, a) + Vanﬁk(a/\SI)[Qk(S/7 a)]) = Q(s, a)) } Policy evaluation

AR+l argmaxE,p gk (afs) [Q’Hl(s’ a)] Policy improvement
s

Note that B™Q*(s,a) = r(s,a) + WEa/Nﬁk(al‘s/)[QAk(S/7 a')].

In the policy evaluation step, the target uses actions sampled from the learned policy 7*. How-
ever, on OOD actions (i.e. actions a’ that were never taken from 7mg(- | s')), the Q-function
would give erroneous values since the Q-function is trained only on actions sampled from the
behavior policy.

To fix this, we first do conservative off-policy evaluation.
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5.3.1 Conservative Off-Policy Evaluation

Our goal is to estimate V™ (s) of a target policy 7 using a dataset D, generated by the behavior
policy mg(als).

We want to learn a Q(s,a) that correctly estimates the g-values of states and actions seen
in the dataset and minimizies the the g-values of actions that were not seen in the dataset.
In other words, we aim to minimize the expected Q-value under a particular distribution of
state-action pairs, u(s,a). We restrict 4 to match the state-marginal in the dataset, such that
p(s,a) = d™(s)u(als). One intuitive choice could be to set u(a | s) = 7(a | s) so as to minimize
the Q-values of actions taken by our current learned policy - although we will later find a larger
set of algorithms by considering various choices of u(a | s).

This gives the following update, with « as the tradeoff factor:

Qk+1 < argénin « ESND,GN/L(als) [Q(Sa a)] + %Es,a~D [(Q(Sv a) - BTFQAk(Sv a))z} .

If we only require that the expected value of Q™ under 7(a|s) lower-bound V™, we can improve
the bound by introducing an additional Q-value maximization term under mg(als):

Qk+1 A argénin a'(Est,a~u(a|s) [Q(Sa a)] - Es~D,a~fr3(a|s) [Q(Sa a)])

+% Es,a,s’ND |:(Q(57 a‘) - Bﬂék(& a))2:| .

5.3.2 CAQL for Offline RL

As discussed before, we could set pu(a | s) = w(a | s) i.e. the learned policy in the offline RL set
up. But, since we aim to learn a policy that outperforms the behavior policy and since we do
so by using the Q-function (i.e. placing more probability mass on actions where the g-value is
larger), we can set p to be distribution that does so:

mén ml?x « (ESND,QN/L(MS) [Q(Sv (L)] - ESN’D,aNer(Ms) [Q(sv a)])

+% Es,a,s’ND [(Q(Sa a) - Bﬂ—ka(s? a))2] + R(M)

where R(u) is a regularizer.

One choice of the regularizes is to choose

R(p) = —Dxwi(ullp),
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where p(a | s) is a prior distribution. Then one can show that

p(a|s) o pla|s)exp(Q(s,a)).
As a popular instantiation, we could choose p(a | s) = #*F~1(
hand.

a | s) i.e. the latest policy at

59



6 Preference Fine-tuning

6.1 RLHF and Direct Preference Optimization
6.1.1 RLHF (overview)

There are three stages:

Supervised Fine-tuning (SFT): We have a pre-trained language model that we fine-tune
using data for downstream tasks (such as problem solving, dialogue, etc.). This gives us the
model 75FT,

Reward Modelling: First we create a dataset of human preferences. We prompt the language
model 75FT with prompts « to get pairs of responses (y1,%2) ~ 7°FT. Then, human labeller(s)
rank these responses as y,, = y; | * where y,, is the preferred response and y; is the dispreferred

response in {y1,y2}. This gives us a dataset D = {x(i),yg),yl(i)}f\;l.

Now, we make the following assumption: these human preferences come from some reward model
r*(y, z) that we do not have access to. However, if we had access to this reward function r*(y, ),
we could model preferences using the Bradley-Terry model:

exp(r*(z, 1))
exp(r*(z,y1)) + exp(r*(z,y2))

Py = y2 | s) =

This allows us to say that D ~ p*.

Now we model this reward function using the dataset D: we train r4(x,y). We can frame this as
a binary classification problem and train r4 by minimizing the following negative log-likelihood
loss:

ER(Tdﬁ) = —Esy,y~D [log G(T¢(x,yw) - 7"45(93791))]

SFT

where o is the sigmoid function. The network r, is initialized with with an addition of a

linear layer on top of the SF'T model.

RL Fine-tuning: Now that we have a reward model, we can maximize the following:

H}T%XEmND,ywre(y\z) [ro(z,y)] = BDkr(mo(y | ) || meet(y | 7)) (17)

However, this is not differentiable. To see this, note that

ore(z,y) _ ore(x,y) dy
00 oy 00
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but y is not differentiable (as these are language tokens). So we instead do online reinforcement
learning. We do this by modeling r(z,y) = r¢(x,y) — 8 (log mo(y | ) — log Tret (v | )) where Tyef
is the base policy mspr.

6.1.2 DPO

Direct Preference Optimization (DPO) starts by observing that there is a theoretical solution
to the objective 17 in RLHF. This is given by

Wr(y | :C) = %’”rcf(y | ZL’) exp (;r(:c,y)> .

where Z(z) = >, met(y | 2) exp(%r(:my)) is the partition function . We summarize this as
follows:

Lemma 28. The optimal 7y of the following problem max, By yrrme (y]2) [ro(z,y)]—BDx (o (y |
Qf) H 7-‘-ref(y | 33)) is given by

m(y | z) = %mef(y | z)exp (;r(x,y)) .

where Z( ) Z 7Tref(y | I) exp( (1: y))

Proof. We want to solve: maxy, Eqp yrry(yla) [76(2,9)] — BDrr(mo(y | ) || met(y | ).
Rewriting:

II}T%X]EzND,yNWe(y\r) [7‘¢(l‘ )] BDKL(WO(ZJ | l‘) H Tref y | x))

m(y |
n}r%x w~D,y~mo (y|z) [Tff’(m y) — Blog <7Tref (y | ) )]

. [ mo(y | x
=minEyop ym(ylo) _f)’ log (Wref(y ) ) Te(T,y ]

. [ mo(y =)} 1
= H;LHEJL’ND,?JNM(?AZF) _IOg <7Tref(y | x)) T¢ T,y :|

mo(y | )
A ety | @) exp (4r(@,))

—log (Z(x))

= MinEyop ymy(yle) |108
]

where Z(z) = >_, mret(y | ) exp (%r(az,y))
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Now, we define 7*(y | z) := %T{'ref(y | ) exp (%r(x, y)) It is straightforward to check that
this is a valid probability distribution. This allows us to continue:

mo(y | =)

min EIND’yNﬂe(yu) log —log (Z(z))
i ey | 2 exp ($r(@,y))
= minE,.p [Dxr(mo(y | 2) || 7" (y | 2)) — log (Z(x))]
= minE,.p [Dxr(mo(y | 2) || 77 (y | 2))]-
This is minimized if and only if 7y = 7*. O

This, however, is not useful in practice since we do not know Z(z) and it is difficult to compute
Z(x) in practice because of the large support of the variable y (i.e. the entire language).

So far, we have assumed that we have trained the reward model and then we tried computing
the optimal policy 7*, where we ran into the trouble with Z(z). What if we do the opposite?
Given the optimal policy, we can write the write the optimal reward function in terms of it by
simple algebra:

r(z,y) = Blog (Wiif?g”?)) + Blog Z(x).

Since this is the parametrization of the reward model defining the optimal policy, we can impose
this parametrization to the optimal reward function:

. mo(y | =)
Tz, Y :ﬁlog( )—i—,@’lome.
(z,y) S (z)
Then, the Bradley-Terry model for the preference distribution becomes:
1
m*(y2lT) T (y1|x)
1+ exp (5 log i Blog )

Tret (y2[) Tref (Y1)

Py =2 | @) =

This means, we can write the distribution of human preferences in terms of the optimal policy
and not the optimal reward model. Since we already have the dataset where for each x, we
have y,, > y;, we now learn the optimal policy by maximizing the log probability of human
preferences, modelled as above. This gives us the DPO loss function:

EDPO(T‘—O;T(ref) = _Ez,yw,ylw’D |:10g (U (B log M - ﬂlOg 7T-e(yl|$)>):| .

7Tref(y'w | Jj) ﬂ-ref(yl | $)
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In summary, given access to a dataset where for each x, we have y,, > y;, DPO models the prob-
ability of human preferences using the learned policy and then finds the policy that maximizes
the probability of the human preferences.
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A Probability

A.1 Total Variation Distance

This section is reading notes from [7].
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A.1.1 Defintions and Properties

Total variation distance is a metric for measuring the distance between two distributions.

Definition 11. (Total Variation Distance). The total variation distance between two probabil-
ity distributions p and v on & is defined by

[ = vl|[rv = meax l(A) —v(A)].

We have the equivalent formulation:
Proposition 29. For i and v distributions on X', we have:

= vliry = 3 3 lute) — vl

zeX

Proof. Let B ={x: u(x) > v(x)} and let A C X be any event. Then,

w(A) —v(A) < u(AnB)—v(ANB)
<

W
u(B) - v(B).
Similarly,
v(A) = u(A) < v(B) - u(BC).
Note that u(B) — v(B) = v(B%) — u(BC) since probabilities sum to 1.
W(B) = v(B) + v(BY) = u(BY) = Y |u(x) —v(@)| + Y |v(@) = p(z)] =Y |u(z) —v()|.

z€B zeBC

Now, consider A as in the definition of the TV distance - this A is either B or BY i.e. |u(A) —
v(A)| is maximize when either A = B or A = B®. Then,

N —

I = vllry = 5 (W(B) = v(B) + v(BY) — u(BY)) = % > @) = ().

Corollary 30. We also have that (using the proof above)

I = vllov = Z p(z) — v(x).

2€X (@) 2v(x)

Corollary 31. Total variation distance satisfies the triangle inequality:

= vllov <l =nllrv + [In = vilrv
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A.1.2 Coupling

A coupling of two probability distributions is a way of defining a joint distribution over two
random variables such that their marginals match the original distributions. More formally:

Definition 12. (Coupling). A coupling of two probability distributions p and v is a pair of
random variables (X,Y") defined on a single probability space such that the marginal distribution
of X is p and the marginal distribution Y is v. So, the coupling (X,Y) satisfies P(X = z) = u(x)
and P(Y = y) = v(y).

Ezample: Consider u and v both be Bernoulli random variables with parameter 0.5. One way
to couple p and v is to define the joint distribution (X,Y) such that P(X =2, Y =y) = % for
all z,y. Another way is to define X to be the independent Bernoulli variable and let Y = X.

Given a coupling (X,Y) with joint distribution 7(X,Y) = P(X = x,Y = y), by the law of total
probability Y~ (X =z,Y =y) = v(y) (and the same for the marginal of X). Conversely, if we
have a probability distribution 7 on &' x X' such that > 7(z,y) = p(z) and 3, 7 (z,y) = v(y),
we can find a pair of random variables (X,Y’) that have 7 as their joint distribution, and so
(X,Y) is a coupling of p and v.

Proposition 32. Let p and ¢ be two probability distributions on X. Then,
llp — qllrv = inf{P(X #Y) | (X,Y) is a coupling of p and ¢}.

In fact, there is a coupling where this infimum is achieved which we call the optimal coupling.

Proof. For any coupling of p and ¢ and any event A C X, we have that:
p(A) —q(A) =P(X € A) —P(Y € A)
<P(XeAY A
<P(X #Y).
where the second inequality comes from noting:

P{XcA}l-P{Y c A} =P{X c A Y c A}H+P{X c A Y ¢ A}]-P{(X € A Y c A}-P{X ¢ A Y € A}

As such,
llp — ¢lltv <inf{P(X #Y) | (X,Y) is a coupling of p and ¢}.

Now, we construct a coupling for which this is an equality.

Let m =} ., min(p(x),q(x)). Then,

m= >  p@)+ Y )

zEX,p(z)<q(x) zEX,p(z)>q(x)

=1- > () —ql@)

z€X,p(x)>q(x)

=1—|lp—dqllrv
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where the second inequality comes from adding and subtracting » ., p(@)>a(z) p(x).

So
m=1~—|lp—qllTv.

Now, flip a coin with probability of heads equal to m =1 — ||p — q||Tv.
1. If we get'heads, then define Z as follows: sample z from the probability distribution
W(x) = 7“““(”(;)’(’(@) andset X =Y = Z.
2. If we get tails, then choose X from the probability distribution
p(z) —q(x)

pi(z) = 4 llp—dgllrv
0 otherwise,

if p(x) > q(x),

and choose Y independently from the distribution:

p(y) —q(y)

©a(y) = ¢ llu—vlTv
0 otherwise.

if p(y) > q(y),

(Note: when the coin gives us tails, X # Y as ;1 and @9 are positive on disjoint subsets
of X)

Then,

my 4 (1 —m)p; =
my + (1 —m)ps =¢q

so we get the appropriate marginals. Also, X = Y if and only if the coin toss gives us heads
which happens with probability m, so P(X #Y) =m =||p — q||1v-

O
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