Trust Region Methods
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1 Introduction

These are notes on trust region optimization methods that I took as I read [1]. Intuitively,
line search methods first make a quadratic model of the function f to generate a step direction
and calculate the step length (preferably one that satisfies the Wolfe Conditions). In contrast,
trust region methods also generate a model of the function f - but they define a region around
where we are currently such that inside that region we believe our model is more or less the
same as function f and then step to the minimizer of the model. Therefore, we would want
our model to be one that we can in fact solve.

2 Model

Let us first discuss how to model the function f in the first place. This is simply done through
Taylor expansion. Suppose, we are currently at x; and we choose to take a step in direction
p. Then, if we expand f, we get:

1
flar+p)=fu+gip+ §pTV2f (zx + tp)p

where t € (0,1), fx := f(zx) and g := Vf(x). Now, suppose we approximate the matrix
V2 f(xy) with By, such that By, is a symmetric matrix. Then, we model the function to be:

1
mi(p) == fi + 9;{]0 + ipTka-

Therefore, at each step, we define the trust region to be a sphere of radius Ay around z.
Therefore, from xj, we will take a step py. such that ||px|| < Ax and it solves the model my.
So, we are searching for the solution:

arg min my (p)

1



To emphasize again, note that within the trust region, we are solving the model, not the
function f. Given a step pi, we may think that we have reduced the function f by a certain
amount, but may end up reducing the function by a different amount. To quantify this, we

define:

f(zr) — f@e + pi)
my(0) — mu(pr)
Note that the numerator is the the amount by which f got reduced after we took the step
pr from xp. The denominator is the amount by which we reduced the model. This ratio
therefore is also a measure of how good our model is - if it is close to 1, it means our model
represented the function well and therefore the step pp reduced f by the same amount by
which it reduced my,.

Pr =

Generally, the way trust region methods work is that we start at zy, fix a radius Ay to define
the trust region, make a model my of the function inside this trust region and then take a
step pi that reduces the model m; and stays inside the trust region. Then, we calculate
pr to get an estimation of how good our model is. If it is close to 1, we expand our trust
region radius (because our model is good we can take a step that’s longer). On the other
hand, if pj is close to 0, we realise that our model is not too good and so we choose to not
take the step pir, we make the trust region smaller to try and find a more accurate model
and then try again.



Then, we define:

Trust Region Algorithm Outline:

1
Hyperparameters: A,,., > 0,A¢ € (0, Apaz),n € [0

For k=0,1, 2,...:
Solve my, to find py
Calculate py

1
1
Ak = ZAk
Else:
3
If pp > 1 and ||pg|| = Ag:
Akz—i—l = m1n(2Ak, Amax)
Else:
AVERIRE AVE
it pr > n:
Tp1 = T + Pi
Else:

T+1 = Tk

3 How to solve the model m;

Solving model using Cauchy Point:

We define the solutions of two problems:

pyi=argmin fi, + gip s.t|p|| <Ay
peER™

S 3 S S 1 S S
7 o= argminmy(tp;) = fi + g (p}) + 57 (1) Bipj

c . s
Pr = TkPg-

7

st lpll < A



Now, the solution to the first problem is simply the same as what we saw in line search
methods:

Solving the second problem is slightly trickier.

First, consider the case where g{ Brgr < 0 : Then, my(7p;) decreases monotonically with 7
whenever g # 0. So, 7 is just the largest value such that we are inside the trust region, so
Tk — 1.

Next, consider the case where g} Brgr > 0 : Then, my(7p;) is convex quadratic in 7. So,
3
either 7 is going to be the value such that 7;p; minimizes mj, which is % (differentiate
k
my(Tp;) with respect to 7 and use the definition of p§ to get this) or it is going to be 1.

Putting these together, we get the following solution:

A
C k
Py = Tk 79k
* |||
where

1 if g Brgr <0
. { : 1)

o llgsll® :
min( XnoT Bron 1) otherwise

While this method seems concrete, we can improve on it. For starter, notice that our step
direction pj is not affected by Bj at all, meaning that the second order terms are not used
to generate the step direction at all. It only affects the step length 7. We could try and use
information from Bj to determine the step direction too.

3.2 Solving model using Dogleg Method:

Note 1: We use this method for only when By is positive definite. There are some fairly
simple and nice ways to make By positive definite without compromising on accuracy much.

Note 2: We will drop the k in subscripts for easier notation.

When B is positive definite, from our study of line search methods, we know that the solution
is just p? := —B~!g. So when this is a step that keeps us inside the trust region, we will
choose this as our solution. Therefore,



when A > ||pB || We wrote p* as a function of the trust region radius to emphasize the fact
that our step will depend on the radius. Of course, the other case is where A < HpBH. In
this case, the quadratic term does not contribute much to our model, so we only keep the
linear terms to get

% g
P (A) ~ —A—T—.
(B~ =274

Dogleg method essentially gives us a solution that interlaces these two solutions. The solution
is:

5(r) Y, 0<r<1 @
T) =
P P (r—1)@B—pY), 1<r<1

gTg

F5,9 and pP = —-B7y.

where pU 1= —

Now, we will prove a theorem that shows that the path we described parametrised by 7 does
not overlap and that along this path we do minimise our model:

Theorem 1. Let B be positive definite. Then,
(1) ||p(7)|| is an increasing function of T and
(1) m(p(T)) is a decreasing function of T.

Proof. Tt is very easy to see that the theorem is true for 7. We focus on 7 € [1,2].
We prove (i) first. Define S(a) := 1||p(1+ a)||>. Expanding using (2), we get S(a) =
3P+ a@? —p)I|" = [IpVI[+ alp”)T (P — ) + 302 |Ip” — p”|[". Then, for a € (0,1),

S'(@) = =) (" = pP) + a|p” - p”||”

> - (" - pP)
T T
99 v, 99 1
A G AN
TBy" ( gTng+ 9)
T -1 T \2
g B 'g g9
=9'9g (1- 9 9) )

g"Byg (g"Bg)(g"B~'g)



(9"9)* :
Now, we show that rp S g > 1

(g"9)? _ (g"9)?
(9"Bg)(g"B~'g)  (¢"BBTg)(BTg) 'g(¢g" B (B)Tg)((B~1)Tg) g
T \2
_ (¢"9)
(BTg- BTg)(BTg)"'g(B~')"g- (B-")Tg)g~'B"yg
T \2
=g (g(Bg)1)T ‘2 Using Cauchy-Schwarz Inequality
g-(B)Tg
_ ("9
lg” BT (B-1)Tg|*
_ (g"90?
(979)?
=1.

Using this, we get S’(«) > 0 proving (i).
Now, we prove (ii) (for 7 € [1,2]):
Define S(a) := m(p(1 + ). We will show S"(ar) < 0 for o € (0, 1).

S(a) = " —p") (g + BpY) + a(p® — p") ' BR® —pY)
® =) (g + Bp” + B(p” —pY))

=" —p") (g + Bp")

0.

IN

4 Convergence Properties

First, we prove the following lemma:

Lemma 2. The Cauchy point p$ satisfies

||gk||>

1
my(0) — my(pr) > 5 |[gr|| min(A,
2 || By]|

where we are using the Frobenius norm of matrices.

Proof. We drop the k’s in subscripts for easier notation.
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Case 1: ¢"Bg <0
In this case, we have 7 =1, so

m(p®) —m(0) = m(—mg) —f
A s 1 A?
=~ ll9ll" + 579" By
g1l 2||g!1”
< —Allgll
. [lg]]
< —|[lgl[ min(A, 55)
1Bl
Case 2: ¢"Bg > 0 and AUJQTHIZQ <1
Then,
3
gl
= ATBg
So,
4 4
c ol , 1 7 gl
—m(0) = -2~ TR, I
m(p”) = m{0) g"Bg 2 (9" Bg)?
1 gl
29T Bg
1 gl
2||Blllgf*
Ljgl?
2B
1 : gl
< —5 llglfmin(A, 75
2 1Bl

Case 3: g'Bg > 0 and A”;’T”;g > 1



Then, 7 = 1. So,
A
gl

1 A2
-——=9 By
21lgl|

1A% g
2|lgl* A

m(p©) —m(0) = —— |[g||* +

—Allgll +

1
= —2A
SAlgl

1 , gl
=5 llgllmin(A,
2 ||B]]

[]

Using this, we can now prove the following theorem which shows that we are minimising our
model m:

Theorem 3. Let py be any vector such that ||pg|| < Ag and my(0) — mg(pr) > co(my(0) —
my(p)). Then, py satisfies:

||gk||)

¢ .
mi(0) — my(pr) > = ||g]| min(Ay, :
|| Byl

In particular, if py is the exact solution pj = arg minyegn my(p) := fr +gi p+ %pTka (where
llpl| < Ag). Then, it satisfies:

AN

1
my(0) — my(pr) > = |lg]| min(Ag, 75
2 || Byl

Proof. Given ||pg|| < Ak, we use Lemma 2 to write:

1 .
mi(0) — mi(pr) = c2(my(0) — mk(pkc)) . 502 gl min(As, m

Note that when p, = pj, the step is the Cauchy point and therefore, the first inequality
becomes equality with ¢ = 1. From that we get the second part of the theorem. O]

Next, we prove two theorems to show these methods end up converging to stationary points
- which ultimately is the real goal of optimisation.

8



Theorem 4. Let n = 0 in our algorithm (the pseudocode is above). Suppose, ||By|| < B for
some constant 5. Suppose, f is bounded on the level set S := {x: f(x) < f(zo)}.

Now, suppose f is Lipschit continuously differentiable in the neighbourhood S(Ry) = {x :
llz —y|| < Ro} (for somey € S) with Lipschitz constant (.

Finally, suppose all approzimate solutions of minyegn my.(pr) = fx+9ip+ %prkpk satisfies:

(a) mp(0) — mp(pe) > c1||grl| min(Ay, ||||199’2“||) for some ¢; € (0,1].
(b) ||pk|| < vAy for some v > 1.

Then,
liminf {[gy|| = 0

Proof. We first bound |p — 1|:

(f (zx) — f(@x + pr)) — (mi(0) — ma(pr))
my(0) — mi(pr)
- ' —f(z + pr) + mi(pr)
L mu(0) = mu(pr)
Now, we use mean value theorem (with some algebraic manipulation - adding a zero term)
to write:

|pk—1|:‘

f(@r+pr) = flzr) + g(xe) pe + /Ol[g(xk +tpr) — g(xr)] prdt.

Then, we use the definition of m, to write:

1
i)~ Fan+ 00 = [ B [ oo+ 100) = o) T Q
< 2 11pll2 + B llpal (4)

where we got the last inequality using the Lipschitz continuity condition: ||g(x) + tpr) — g(xr)|| <
B ||zx + tpr — xx|| and we assumed ||px|| < Ry to ensure both zy and zy, + tpy are inside
S(Ry).

Now, we suppose, for contradiction:

Claim A: There exists € > 0 and Z > 0 such that ||gx|| > € for any k£ > Z. Then, for any
k > Z, we have

mg(0) — my(pr) > c1||gx|| min(A, g > cremin(A, %) (5)

|| Bx|| —



Now, we use (4) and (5) to write:

VALG + B
cremin(Ay, §)

ok — 1| <

Now, we define A := min(%w(%frﬁl), %) We consider all Ay < A. Note that we added Ry /v
2

inside the min function to ensure that |[pi|| < YA since yA;, < YA < R,

With this, since ¢; < 1 and v > 1, we have A < 5. Thus, for any A € [0, A], we have
min(Ay, 5) = Ay.

’Y2Ai(§ + 1)
016Ak
_ ”YQAk(g + B1)

lpr — 1] <

Cl1€
VAL + )

Cc1€

<

1
< Z
-2

where we got the last inequality using the definition of A.

Using this, we know py >7i and so, in our algorithm, A, > A, whenever A, < A. So,
Apiq = %Ak only if A > A. Together. we have

for any k£ > Z. Now, for the sake of contradiction: Claim B: suppose there exists an infinite
subsequence ¢ such that p, > i for any k € ¢.

Then, for any k € ¢ and k > Z, we have from (5):

@) = f@en) = flan) = Flan+p) 2 1m0) = mupo)] 2 eremin(Ar, 5)
where we got the first inequality using pp > }L. Now, given f is bounded below, therefore,
limyeg p—soo Ax = 0. This contradicts (6) meaning our assumption, claim B, was wrong.
Therefore, A1 = %LAk at every iteration, so limy—s., Ay = 0, which contradicts (6) again,
meaning our assumption, claim A, was wrong. Given ||gi|| is bounded below by 0, this
implies the theorem. [
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Finally, we prove an even stronger theorem showing convergence to stationary points:

Theorem 5. Letn € (0,1/4) in our algorithm (the pseudocode is above). Suppose, ||Bi|| < B
for some constant 5. Suppose, f is bounded on the level set S := {x: f(x) < f(zo)}.

Now, suppose f is Lipschit continuously differentiable in the neighbourhood S(Ry) := {x :
lz = yl| < Ro} (for somey € 5).

Finally, suppose all approzimate solutions of minyegn my(pr) = fx+ 9 p+ %prkpk satisfies:

(a) mi(0) — mi(pi) = 1 [|gel min(Ay, 2l

) for some ¢ € (0,1].
(b) ||lpk|| < vAg for some v > 1.

Then,

Proof. Consider some m > 0 such that g,, # 0. By Lipschitz continuity, we have ||g(z) —
gml|| < Billx — x| for any x € S(Ry).

Now, define € := L|gn||, R := min(4, Ro). Now, the open ball centered at x;, - Br(zy) =
{z : ||z — zu|| < R} is contained in S(Ry), meaning the Lipschitz contintuity of g holds
inside this open ball.

Then, z € Bg(z,,) implies

> |lgnll - 517
> |lgn| - ¢
g
= {lgml| - 1220
1
= 5 llgnl
== €.

Now, if the entire sequence {xj}r>nm is inside Bg(x,,), then ||gn|| > € > 0 for any & > m.
Now, in the same way we contradicted claim A in theorem 4, we can show that this never
occurs. S0, {2k tr>m Will have to get outside the open ball Bg(z,,) for some k. Let [ > m be
the smallest index such that z;,; is outside Bgr(z,,). Now, for k € [m,[], we have ||gx|| > €.
Thus,

. . €
my(0) — mk(Pk) > Hng min(Ay, %) > cremin(Ay, B)
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Thus,

> Z n(mg(0) — my(pr)) Using definition of py

9

l
> Z nere min(Ayg, 3

k=m
Now, if A, < % for k € [m, 1], we have

!
f(xm) — f(2131) = nee Z JANS

k=m

> nepeR - Since we are summing over Ay and x4, is outside Bg(z,,)

= ncy€ mln(ﬁ , Ro)

So,
f(@m) = f(r111) = nere mm(ﬁ , Ro). (7)

On the other hand, if A > § for some k € [m, (], we have

€

f(@m) = f(@i41) > 770165- (8)

Since the sequence { f(z)}72, is decreasing and bounded below, therefore limg— o f(x) = f*
for some f* > —oo.

now, we use (7) and (8) to write:

fam) = f* = flam) - f(5171+1)

> nci1€min R
rremin( - o
1 . m m
(1220 )
> 0.
Now, since limg—soo f(zx) — f* = 0, we must have limg— o ||gx|| = 0 O
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