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PREFACE

This document is a combination of notes I wrote for CS 224R (taught by Prof. Chelsea Finn
in Spring, 2025) as the head teaching assistant. The notes contain material taught in CS 234
taught by Prof. Emma Brunskill at Stanford University, notes from various textbooks and papers
(in particular, Richard Sutton and Andrew Barto’s "Reinforcement Learning: An Introduction”
[SB18]).

Although these are reading notes, there may be various errors throughout, both minor and
major, which almost certainly did not appear in the original works that I was reading. If you
find any, please let me know by sending an email at jubayer@stanford.edu. I have also not
been able to stick to the same notation throughout these notes and I apologize for that - in
my defence, reinforcement learning is notorious for a lack of universal notation. Hopefully, the
inconsistencies are not too troublesome.


mailto:jubayer@stanford.edu
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1. REINFORCEMENT LEARNING FRAMEWORK

Reinforcement learning is a framework in which an agent acts in an environment where it
gets to sequentially choose actions over time steps and observes feedback from the environment
along the way. The goal of the agent is to maximize cumulative reward. This is typically
studied as a Markov decision process (MDP), which is a mathematical formalization of sequential
decision-making; in this framework, actions influence both the rewards received and the states
subsequently observed. The learner is referred to as the agent (or, sometimes, the model). The
agent interacts with an environment at each discrete time step t = 0,1,2,3,---. At each time
step t, the agent observes a state s;, which represents the environment at that time. We denote
the state space by S, which is the set of all possible states, and denote the state S; as a random
variable taking values in §. The agent conditions on its observation S; = s; and chooses an
action a;. We denote the action space by A, which is the set of all possible actions, and denote
A; as a random variable taking values in A. As a consequence of taking action a¢, the agent
receives a reward r¢, which takes values in the reward space R, and the environment transitions
to the next state s;y1. Thus, a trajectory takes the form

T = (SO; ap,To,S1,01,71, .- )
A defining characteristic of an MDP is the Markov property, which states that the conditional
distribution of the next state and reward depends only on the current state and action, rather
than the entire preceding history. This means the state s; anad the action a; constitute sufficient

information for the environment’s distribution over the next state and reward to be determined.
Formally,

P(8t+177°t ‘ staatastfluatflwu) = P(8t+177°t ‘ Staat)'
In particular, marginalizing over rewards gives

P(st41 | Sty a8, St—1,0t-1,-..) = P(St41 | St,a).
The conditional distribution P(- | s, a;) is referred to as the transition dynamics of the environ-
ment.

A deterministic environment is one in which the transition dynamics is deterministic, i.e.
P(Siy1 | st,at) = 1{St41 = s} for some s. Otherwise, the environment is called stochastic.
We typically assume that the transition dynamics are time-homogeneous or stationary, meaning
that P(siy1 | st,a¢) does not depend explicitly on the time step ¢; i.e. P(Si41 =8| S = s, A =
a) = P(Sp41 =8| Sy =s,Ap = a) for any t and ¢'. Finally, a finite MDP is an MDP in which
the state space S and action space A are both finite. Throughout these notes, we will work with
finite MDPs, as they are the most practically relevant cases.

Technically, one can have a distribution over rewards at any given time step, i.e. P(R; = r¢ |
St = s¢, Ay = ay). We will usually refer to r(s;, a;) as the reward at time ¢. If the reward function
is deterministic, then this is simply the reward attained at time ¢ after taking action a; from
state s;. If the reward function is stochastic, we will write (s, a;) to mean the expected reward
at time ¢, i.e. r(s¢,a¢) = E[R(s¢,a0) | St = 54, Ar = ag) = Y cn P(Ry = 7 | Sy = 8¢, Ay = ag)r.
(we will always assume that the conditional reward distribution is stationary as well). In either
case, we can simply assume that given S; = s; and A; = a;, our agent receives some reward
r(s¢,a;) as the reward and not worry about whether or not the reward function is deterministic.

We say the agent executes actions by following a policy which is a distribution my. The agent
takes actions in the sense that we sample

Qg ~ 7T0(' | Sy = St)

at each time step t. Note that, over a trajectory, the agent observes rewards as Ry, Ry, Ra,---.
In reinforcement learning, the goal of our agent is to find the optimal policy, i.e. the policy that
maximizes the expected sum of rewards.

We formalize this goal more precisely now. We will refer to the sum of rewards from a given
time step ¢ onwards as the return, denoted Gy, i.e. Gy = Ry + Ry41 + Riqo + ---. In some
environments, there is a notion of an episode where the task that the agent is attempting to
execute ends at some time step (such as a game of football). In that case, the return at time
tis Gy = Ry + Ri41 + Riqyo + - - + Rp. We say that an episode ends at a terminal state after
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which the environment is reset to an initial state. We refer to such tasks as episodic tasks and
the time horizon as the maximum time step that an episode can go up to. In other tasks, one
may not be able to establish a notion of episodes where the task ultimately never ends. Such
tasks are referred to as continuing tasks or infinite horizon tasks. In almost all applications, we
will be looking at episodic tasks although we will study algorithms from both points of view.

One can immediately observe that in continuing tasks, our definition of the return at time
step t has a problem. If we set Gy := Ry + Ry41 + Ry + - -, then Gy could diverge to infinity
(for e.g., suppose each Ry = 1, then the sum of all the rewards blows up to infinity). As such,
in continuing tasks, we discount the reward at each time step. Let v € [0,1) be the discount
factor. We define the return to be

Gt = Rt + 'YRtJrl + ’YQRt+2 +-= Z’}/th+k.
k=0

This allows us to bypass the problem of diverging returns since, if the reward at any given time
step is bounded within [R;, R,], then define Ryax = max{|R;|,|R,|} and we have that

o0
|G| = Z’YkRH-k
k=0
o0
< Z ‘WthJrk‘
k=0
oo
<D A" Resl
k=0
oo
k=0
1
S RHIB,X 1 _ /y .

The interpretation of the discount factor is that we are imposing the requirement that short
term rewards are more important than longer term ones. The value of v determines how strongly
we prefer short term rewards over longer term ones. Observe that we can write the return as

Gy = R +vGiy1.

Also note that discounting can be used even in episodic tasks and our definition of return under
discounting works in that setting too by simply setting Ry to be 0 for all ¢ > T where T is the
time horizon.

With this notational convention, we can succintly write that the goal for an agent in rein-
forcement learning is to learn the policy my that maximizes the expected discounted sum of
reward:

(1) max E,
o

Z yhr(se, at)] .

t=0

Here, we write E; to emphasize that in the trajectories we are sampling, each A; is sampled
as a; ~ 7o(- | St = s¢), while the states are sampled as sg11 ~ P(- | Sy = s¢, A = ay). We
sample the initial state Sy from some initial state distribution which we will simply denote by
P(S() = So).
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1.1. Value Functions and Optimal Policies

A central construction in reinforcement learning is the value function. Quite often we are
interested in understanding the value of a state in the sense that if a policy 7 starts from state
s, what is the expected sum of rewards the policy will attain? In this case, the value function
computes the expected sum of rewards starting from state s and then sampling actions under
policy 7 thereafter.

Definition 1.1 (State-value function). The state-value function of a state s under policy ©
is defined to be the expected return starting from state s and following policy w thereafter. In
continuing tasks, this is written as

(2)  Va(s) =Eg Z’ytr(shat) So=s|=E Z'Ytitlr(st,at) Sy = 51 , V time step t'.
t=0 t=t/

Note that, in continuing tasks, the value function does not depend on the time step at which state
s has been visited since the transition dynamics distribution is stationary and we are assuming
the policy is stationary as well; one simply needs to consider the trajectory from whichever time
step our agent visits state s at onwards.

In episodic tasks of horizon T, we write this as

T
Z’ytr(st,at)‘So = s] )

t=0

VT"(S) = ETr

The state-value function of state s at time t is the expected return starting from state s being
visited at time t specifically and following policy 7 thereafter:

T
Z’yk*tr(sk,ak) | S¢ = s]

k=t

Va(s;t) = E,

Here, the expectation is over trajectories sampled under 7, i.e. we sample
us
T = [0, @0,70, 51,a1,71, | ~ P".

Note that the probability of sampling this specific trajectory is:
oo
Py(r) = p(so0) Hﬂ'(ai|5i)P(5i+1|3i; a;)
i=0

in the continuing task setting and in the finite horizon setting, if the trajectory has T time steps,
then it is:

Po(r) = plso) [] wlaslse)Plsisals o).
1=0

Remark 1.2. Note that the state-value function conditions on the fact that the policy is starting
from state s. This state could very well be one that policy m would not visit unconditionally.
The purpose of asking for the state-value function of s is to essentially ask what happens if the
policy did, somehow, start from state s and started acting from that state onwards. 1

Remark 1.3. Here’s a short proof of why (2) holds. Let ¢’ > 0 be arbitrary and define k = ¢ —¢'.
Then, the right-hand side in (2) becomes

E; Z'Ykr(st/+kaAt’+k)‘St’ = S] .

k=0

Since the transition dynamics are time-homogeneous and the policy 7 is stationary and Markov,
we have

Pr(Syik =8, Apspr=a| Sy =5)=Pr(Spy=5,Ar =a| So =s)
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for every k > 0. This follows from the Markov property: conditional on the present state, the
distribution of future states and actions depends only on that state, not on the time at which it
was visited or the history preceding it. Therefore,

oo
Z’YkT(St'+k7At'+k)‘St' = 8] ZW [r(Str ks Avr k) | Ser = 8]
k=0
= Z*ykE (Sk, A1) | So = ]
=E; Z’ykr(Sk,Ak) | So=s
k=0
= Vx(s).
Here, we assume that rewards are bounded and « € [0, 1), which justifies exchanging the infinite
summation and conditional expectation. We also assume that P.(Sy = s) > 0, so that the
conditional expectations are well-defined. a

Definition 1.4 (Action-value function). The action-value function of a state-action pair (s, a)
under policy 7 is defined to be the expected return starting from state s, taking action a, and
following policy 7 thereafter. In continuing tasks, this is written as

E. Z’ytr(shat) E. Z’ytr(shat)

t=0 t=0
Again, the time step at which the policy takes action a from state s does not matter since the
transition dynamics distribution and the policy are stationary (see remark above).

In episodic tasks of horizon T, we write this as

T
> A'r(sear)

t=0

(3)  Qx(s,a)=

50257140:(1

Sy =8, Ay = a:| , vt

Qr(s,a) =E

Sozs,Aoza].

The action-value function of state-action pair (s,a) at time t is the expected return starting from
state s being visited at time t, taking action a at that time, and following policy w thereafter:

T
Z’yk_tr(sk, ak)’St =s,A4=a
k=t

Qr(s,a;t) = Ex

o

Proposition 1.5 (Bellman Equation for state-value function). For any stationary policy = and
any state s, the Bellman equation for continuing tasks is

Vi(8) = Equn(]s),s'~P(|s,a) [T(5,a) + YV (s)] -
For finite-horizon episodic tasks with horizon T, the Bellman equation is
Va(s:t) = Eqn(|s),s'~P(|s,a) [T(8, ) + 7V (s'st +1)]
for 0 <t < T, with the boundary condition V(s;T + 1) := 0. N
Proof. First, for continuing tasks, we have

Z (St Ay) ‘So = 51

Va(s) =E,

= 71'

r(So, Ao) +727 r(Si, Ar) ’50 —81

t=1

Z'Y (S, Ay) ’50—3 Ap =a, Sl—s]]

t=1

Z’Y r(St, At)

t=1
= :anﬂ'(-|s)7 s'~P(-|s,a) [T(Sa a’) + ’YVTF(S/)] :

= Ea~7r(-|s),s’~P(-\s,a) [ (3 CL) +7E

Sy =5

= anﬂ'(‘|s),s/~P(~\s,a) [ (5 (I) +’YE
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Note that the fourth equality follows from the Markov property: conditioned on s, the expec-
tation is independent of Sy = s, Ag = a. Similarly, for finite-horizon episodic tasks, we have

T
Vi(s;t) = Eg vl’c_tr(S;C7 Ap)|Se = s]
k=t
T
=E; [7(S:, Ar) + Z AR D (S, Ak)‘St = s}
k=t+1

T
£ omnasasn=o]

k=t+1
= Ea~7T("3), s'~P(-]s,a) [7’(8, a) + ’YVW(S/; t+ 1)] .

Also note that Vi (s;T + 1) = 0 follows from the fact that the agent receives no rewards after
time T'. 0

= anfr(-\s), s'~P(:|s,a) [T(87 (1) +7Ex

Proposition 1.6 (Bellman Equation for action-value function). For any policy 7, any state s
and action a, the Bellman equation for continuing tasks is:

Qr(s,0) =E, [r+4V.(s') | So = s,A9 = a].
For finite-horizon episodic tasks with horizon T, we have
Qr(s,a;t) =Ex [r + Ve (s'5t+1)| Sy = s, Ay = a
for0 <t <T, with V (s;T+1):=0. J
The proof of this is very similar to the last proposition.

Proposition 1.7. We can express the state-value function in terms of the action-value function
as follows:

Vﬂ'(s) = anﬂ'(‘|s) [Qﬂ'(’s,aﬂ .
For finite-horizon episodic tasks with horizon T, we have
V‘IT(S; t) = anw(~\s) [Qﬂ(sv a; t)]
for0<¢<T. 3

This follows from the definition of the state-value function and the action-value function.
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1.2. Bellman Operators

The Bellman expectation operator, 7T, for a given policy 7 is an operator that updates a
state-value function to a new state-value function that is “closer” to the state-value function of
7, Vi.

Definition 1.8 (Bellman Expectation Operator). Let V denote the space of real-valued functions
on the state space S, i.e. V = {V : S — R}. Given a stationary policy 7, the Bellman expectation
operator T : V — V is defined by

(T=V)(8) = Equn(s), s'mP(-|s,a) (s, a) + 7V ()] .
_

We will now formalize that this operator sends the value function to a state-value function

that is closer to V. The proof requires Banach fixed point theorem from topology, the discussion
of which we defer to §A.

Proposition 1.9 (Contraction of the Bellman Expectation Operator). For any stationary policy
m, the Bellman expectation operator T is a y-contraction with respect to the supremum norm
IV loo := maxses |V (s)|. In other words, for any V,W €V,

T2V = TaWlloo <AV = Wlleo.
Furthermore, T, admits a unique fixed point, which is the state-value function V;, meaning
7;1'V‘n' = Vﬂ"

Proof. Let VW € V. For any state s € S, we have
[(T=V)(s) = (T=W)(s)|
= |Ean(ls), s P (15,0 (V () = W ()]
<AEqn(ls), s'mP(ls,a) [V (8") = W ()] (Triangle inequality)
<AV -W]|
Since this is true for any state s, taking the maximum over s € S, we get
T2V = TaWlleo <AV = Wle.

Since v < 1, this establishes that 7T, is a contraction. Since S is finite, the space (V,|| - ||oo)
is complete (we prove this in §A). Therefore, by the Banach fixed-point theorem, 7, admits a
unique fixed point. Now, we know that Bellman equation gives

oo

V() = Earn(|s), (s )~ P(-r|sa) [T+ 7 Vi (8]
Therefore, using the definition of the Bellman expectation operator:
TV = Vi
So, V; is the unique fixed point of 7. O

The Bellman optimality operator updates a value function towards a different kind of state-
value function. Unlike the Bellman expectation operator, 7., which udpates the value function
towards V., the Bellman optimality operator will update it towards what we will later define to
be V.

Definition 1.10 (Bellman Optimality Operator). The Bellman optimality operator T, : V — V
is defined by
(TV)(5) = max By p(ja) [r(s @) + V().

_I
Proposition 1.11 (Contraction of the Bellman Optimality Operator). The Bellman optimality
operator T, is a ~y-contraction with respect to the supremum norm. In other words, for any
VW ey,

[TV = TWlloo <AV = Wlleo.

Furthermore, T, admits a unique fixed point. 2
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Proof. First, recall that for any two finite collections of real numbers {x,}ocz and {y, }aecz, We
have

max r, — maxy,| < max |z, — Yol
ac€’l a€l acl

Therefore, for any V,W €V and s € S, we have
(T-V)(s) = (T W) ()]

E. op(. . - Eo Pl lsa !
maxX By ) np (- fs,a) [+ 9V ()] — max By 1y p(.fs,0) [r + YW (s)]
< Eyopiisaly(V(s) —W(s
< max By p( s Y (V) = W(s)]|
< EoopiisallV(s) —=W(s
< ymax By p( s,V (s) (s")]]
<AV = Wllee.
Taking the maximum over all states gives
| TV = TiW oo < ANV = Wloo-

This proves that 7. is a contraction. Again, since (V, || - ||oo) is complete and v < 1, the Banach
fixed-point theorem guarantees that 7T, admits a unique fixed point. O

Now, we prove arguably the most important guarantee we have so far. We show that in a
finite horizon MDP, there exists an optimal policy that is deterministic and stationary.

Proposition 1.12. Consider a finite, time-homogeneous MDP with bounded rewards and dis-
count factor v € [0,1). Then there exists a deterministic stationary policy . that is simultane-
ously optimal from every state, i.e.

Vi, () = max V. (s)
™
for every s € S, where the mazimum is taken over all admissible policies. 1

Proof. By the preceding proposition, the Bellman optimality operator 7, admits a unique fixed
point. Let V, € V denote this fixed point, i.e. T,V, = V,. Then, for every state s, we know that

V(s) =maxEy yop(..1sa)r +7Va(s)].
(S) aeaX (s',7)~P (-, |s, )[’I“ Yy (S )}
Now, for each state s, choose an action
" max By oy op(sa)lr +1Vi(s)].
a(s)Eargaeax (s~ P (o] s,a) [T+ YV (87)]

Such an action exists because A is finite. Now, we construct a deterministic stationary policy

Ty by
(@l s) 1, a=a.(s),
m(a|s) =
0, otherwise.

Clearly, this is deterministic and stationary. By construction, for every state s,
(Tr.Va)(8) = By p(fs,a.s)) [r + V()]
= (T.V)(s)
=V {(s).

Therefore, T, V. = V.. But we have already established that 7
which is precisely V. So,

admits a unique fixed point,

¢

V. = V..

All that remains is for us to show that m, is the optimal policy, i.e. m, > m for all 7. Since
T.Vi = V., we have, for every state-action pair (s,a),

Vil(s) Z By ymp(cofsia[r + YVil(s')]-

Consider any policy 7; the policy need not be either stationary or Markovian (meaning it can
condition on more than just the current state, i.e. it can condition on a history). Let H; denote
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the history observed through state S;. By the Markov property, the last equation also implies
that
Vi(St) = Ex[Re + yVi(Seq1) | He, Ayl

Taking conditional expectations given Sy = s and applying the law of iterated expectations, we
et
; Ex[Vi(St) | So = s] > Ex[R +7Vi(St4+1) | So = s].
In particular, setting ¢ = 0, we have
Vi(s) = Ex[Ro +7Vi(S1) | So = s].
Now, applying the same inequality at ¢t = 1, we get
Ex[Vi(51) | So = s] = Ex[R1 +Vi(52) | So = s].
Substituting this into the preceding inequality yields
Vi(s) = Ex[Ro + Vi (51) | So = 8]
> Ex[Ro +v7R1 +7°Vi(S2) | So = 5.
Repeating this argument, we obtain
Vi(s) = Ex[Ro +Vi(51) | So = ]
> Ex[Ro +v7R1 +7°Vi(S2) | So = 5]
> Ex[Ro +vR1 + 7’ Ry +7°Va(S3) | So = s]

v

> Er

n—1
S R+ 7" Va(Sn)[So = 81 |
t=0

Since § is finite, the function V, is bounded. Hence,

lim v"E,[Vi(Sn) | So = s] = 0.
n— oo

Taking n — oo, we obtain

V*(S) > E; Z’Yth‘SO = S]
t=0
= Vi (s).

Since this inequality holds for every admissible policy 7, we have
Vi(s) > max Vr(s).
On the other hand, since V,, = V,, and m, is itself an admissible policy,
Vi(s) =V, (s) < max Va(s).
Combining the two inequalities gives
Va, (s) =Vi(s) = max Vr(s) = Vi(s)

for every s € S. Therefore, m, is a deterministic stationary policy that is simultaneously optimal
from every state. O
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1.3. Optimal Policy

Definition 1.13 (Optimal Policy). With the definition of value functions, we can define an
ordering over policies. We say m > 7' if and only if Vi(s) > Vpi(s) for all s € S. The optimal
policy, denoted by m,, is the policy that satisfies w, > 7 for all 7. N

Definition 1.14 (Optimal Value Functions). The optimal state-value function is the mazimum
expected return achievable from a given state s over all policies:

Vi(s) = max Vi (s).
Similarly, the optimal action-value function is defined as
Q4 (s,a) = max Q,(s,a).

In other words, Q.(s,a) is the expected return from taking action a in state s and acting optimally
thereafter. a

Proposition 1.15 (Bellman Optimality Equations). The optimal value functions satisfy
Ms - *\ 9y
(5) = max Q.(s,a)

and
Q*(sv CL) = Es’~P(-|s,a) [T + ’VV*(S/” .
Therefore,
Ve(s) = max Eop(|s,a) [r +7Vi(s)].
_
Proof. First, consider continuing tasks. By the existence of an optimal stationary policy as we
have already proven in Proposition 1.12, there exists m, such that V., (s) = Vi (s) for every state
s. Thus, for any policy ,
er(sv a) = Es’wP(~|s,a) [7’(8, a’) + A/Vﬂ' (S/)]
< Eyop(|s,a)lr(s,a) +7Vu(s)]
= Qnr, (s,a).
So,
Q*(S; a) = Q‘I\'* (57 a) = Es’wP(-\s,a) [T(S, a) + ,YV*(S/)}
Moreover, we have already established that V is the unique fixed point of the Bellman optimality
operator 7T,. Therefore,

Vi(s) = (T Vi) (s) (stationary point of 7y)
= max Ey o p(isa)lr(s,a) +7Vi(s")] (definition of T)

TR
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1.4. State Distributions

We will often require some notion of the distribution of states visited under a policy or the
distribution of states from which trajectories begin. Let p denote the initial-state distribution,
and let 7 denote the number of decision time steps in a trajectory. For continuing tasks, we set
T = 00, whereas for episodic tasks with a finite horizon T', we have 7 < T. We also let St C S
denote the set of nonterminal states, and assume that p is supported on S+.

o P (Sk=s, k<7 |Sy=sp) is the probability of reaching a nonterminal state s from a
fixed initial state sg in k£ time steps under policy my. For k > 1, we have

]P)ﬂ—g(sk:S, k<7"50280)

k-1
= Z Z H mo(as | 5¢)P(seq1 | 8¢, a¢),

S1yees8h_1EST Q0seeryag_1 t=0
where s, = s € ST. For k = 0, the probability is simply
P (So=s8, 0<7]|So=s0)=1{s=s0}
e When the initial state is sampled from Sy ~ p, we define the probability of reaching
state s in k time steps under policy 7y as
Pry(Sk =5, k<7]Sy~p)

k—1
= Z Z p(s0) H mo(as | s¢)P(st41 | S¢,a¢),
=0

80y, Sk—1EST @0,.- ;a1

where s = s € ST and k > 1. For k = 0, this probability is p(s). In episodic tasks, the
probability is zero for k£ > T'. Equivalently, by the law of total probability,
Pry(Sk =5,k <7|So~p)=> p(so)Pr,(Sk =5, k<78 =s0).
So

e The unnormalized discounted state occupancy measure is defined as

o0
Pl (s) = kaPﬁQ(Sk =s, k<71|So~p).
k=0
This measures the expected discounted number of visits to state s under my. In general,
this is not a probability distribution, since

> P (s) # 1.

seS
e The normalized discounted state occupancy distribution is defined as

mo(oy . P™(s)
d™(s) := Zr
where
Zm =y ™ (s)
seS

We assume that Z™ > 0. By construction,
> dm(s) = 1.
seS

Thus, d™ is a probability distribution over states, weighted by their discounted visitation
frequencies.
e In particular, for continuing tasks with v < 1, we have

> 1
Z7T9 _ k:
kz_o’y —

and therefore

d™(s) = (1 =~)p™ (s).
For finite-horizon episodic tasks, however, the normalization constant generally depends
on the policy and the distribution of episode lengths.
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These distributions show up in useful ways in various places throughout these notes. As
an example, we can rewrite the expected return in terms of the discounted state occupancy
distribution as follows.

Theorem 1.16. Let p be the initial-state distribution and let my be a policy. Suppose either that
v < 1 or that the task is episodic with a finite horizon, and suppose that rewards are bounded.
Then the expected discounted return

V(ﬂ'g) = E50~p [Vﬂs (30)]

can be written as
V(mg) = Z™E gm0 [r(s,a)].

ar~mo(-|s)
In particular, for continuing tasks with v < 1, we have
1
Vimg) = ——E 47 [r(s,a)l.
1= axmo(-ls)

Proof. By definition of the value function,
V(mg) = Esgnp [Viry (50)]

T—1

D A (Si, Ar)

t=0

—E E.,

so~p

-

=Y A P (Si=s,t<T|So~p) > mlals)r(s,a).
0

t= seS a
Rearranging the sums gives

Vimg) = (Z VP (S; =5, t < 7| So ~ p)> Y mola| s)r(s,a)

s€S \t=0

= Zp”e(s) Zm(a | $)r(s,a).

seS
Now, by the definition of the normalized discounted state occupancy distribution, we have

p(s) =Z"0d™ (s).
Therefore,

V(mg) = 2™ Zd”"(s) Zm)(a | $)r(s,a)

=Z"E s.qm0 [r(s,a)].

a~g(-|s)

Finally, for continuing tasks with v < 1, we have

= 1
770 — t _
D=1 =
t=0
and hence

V(mg) = ﬁEaifo.Ts) [r(s,a)].
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2. Poricy GRADIENT METHODS

In policy gradient methods, we directly parametrise the policy to be mg(a|s) and our goal
becomes to find 7y that maximizes expected returns. In contrast to value-based methods where
we first learn value functions and then extract a policy out of the value function, in policy
gradient methods we directly learn a policy that does not consult a value function. We may still
learn a value function in order to help learn our parametrized optimal policy; for example, we
will find that value functions can be useful for reducing the variance in our updates. However,
the value function will not be required for our action selection (in the sense that, when selecting
which action to take, we will not query the value function). Methods that incorporate both
a parametrized policy and a parametrized learned value function are often called actor-critic
methods.

Policy gradient methods are useful for generating stochastic policies. A useful example of a
parametrized policy to keep in mind is a Gaussian policy (especially for continuous action spaces)
that is parametrized as a ~ N (po(s),X) =: mo(- | s) (we usually set ¥ to be a diagonal matrix).
The policy can be parametrized in any way as long as it is differentiable with respect to its
parameters. More complex parameterizations can be used; the choice of policy parameterization
is sometimes a good way to inject prior knowledge about the desired form of the policy into
the reinforcement learning system. In any case, we generally want to encourage the policy
to explore and, to do so, we usually require that the policy never becomes deterministic i.e.
mo(a | s) € (0,1),Vs,a.

Policy gradient methods are usually suitable for continuous action spaces and for high-
dimensional action spaces. However, a common phenomenon with policy gradient methods
is that these policies tend to be hard to evaluate and can have a high variance.
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2.1. Policy Gradient

Recall that our goal is to learn the policy that maximizes the expected sum of reward. As
such, we define our objective to be

J(e) = Eso~p [VTFG (SO)]

where p is the initial state distribution of our MDP. We want to update our policy via gradient
descent on this objective, i.e. our update rule should look like

0« 6+ aVyJ(0)

where « is the learning rate.
Our first goal is to compute the gradient of this objective. The policy gradient theorem
provides us this:

Theorem 2.1 (Policy Gradient Theorem). Consider a finite MDP with a differentiable policy my,
bounded rewards, and suppose that the reward function and transition dynamics are independent
of 0. Suppose either that v < 1 or that the task is episodic with a finite horizon. Let p be an
initial-state distribution independent of 6. Define

J(0) := Esonp [V (50)] -
Then
VeJ(0) = Zp’re (s) Z Qry(s,a)Voma(a | s),

seS acA
where p™® is the unnormalized discounted state occupancy measure, defined by

P (s) == APr, (Sk =5, k| So ~ p).
k=0

Furthermore, if mg(a | s) > 0 for every state-action pair, then

VolJ(0) = me; (S)Ea~wa(~|8) [Qm, (s,a)Vglogmy(a | S)} .
seS

Proof. For any state s, we see that

VoV, (s) = <Z7T9Q|5Q7resa> va)ﬂga\ $)Qx,y (8, a) Zﬂ'ga| WoQr,(s,a).

We already saw that
Qr,(s,a) =1r(s,a) + WZ P(s" | s,a)Vy,(s").

Since the reward function and transition probabilities do not depend on 6,

VGQﬂ'g (S,Cl) = VZP(S/ l Saa)VGVﬂe (5/)

Substituting this into the last equation gives

VoV, (s ZVMH a| s)Qn, (s, a)

+ ’yZZﬂ'@(a | $)P(s' | s,a)VgVir,(s').

Recursively expanding, we get:

VoVa, (s 27 ZP”" k=1, k<T|S)=25) ngﬂ'g a|x)Qr,(x,a).

k=0 €S

where 7 denotes the number of decision time steps in the trajectory, with 7 = oo for continuing
tasks. As such, note that in episodic tasks, only visits before termination are counted.
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Now, we take the derivative of J(#). Since p is independent of 6, we have

Vo J(0) = Vo Y p(50)Vry (s0)

=D p(50) VoV, (50)

50
o

= Z p(s0)
S0 k

o ZIP’,TS(Sk =z, k<T1|S)=s0) Zng)(a | 2)Qxr, (z,a).
0

= €S a
= Z (Z ~F Zp(so)IP’M Sg=z, k<1|S= so)> Z Vomo(a | 2)Qnr, (z,a).
€S \k=0 S0 a
=3 (Z VP, (Sk =, k< 7| Sy~ p)) > Vomg(a | 2)Qx, (2, a).
zeS \k=0 a
= p™ (@)Y Voms(a| 2)Qr,(z,a).
zeS a

Here, we used the law of total probability to get
> p(s0)Pry(Sk =, k< 7| S0 =50) =Pr,(Sk =2, k<7[So~p),

S0

and the definition

P () == P, (Sk =z, k<7 |So~p)
k=0
Finally, using
Vomo(a | s) =mg(a | s)Velogmg(a | s),
we get

Vo (0) =Y p™(5) > mo(a|s)Qn,(s,a)Vologmy(a | s)

= 0" () Barrmy(1s) [Qro (5,0) Vg log mo(a | )]

By the policy gradient theorem, we have that

VoJ(0) = Zp”" (s) Z Qr,(8,a)Voma(a] ).

seS acA

We also know that d™(s) := & ;i((f), which is a probability distribution. Then, our gradient
becomes:
Vo (0) = p™(5) Y Qny(s,a)Voms(a] s)
s€S acA
=27 d™(s) Y Qr,(s,a)Voms(a] s)
sES acA
= ZTFSESNdW97(lN7Tg(‘|S) [Qﬂ'e (Sa a)V9 IOg 77—0(0' | S)] )

which is a version of the policy gradient that is particularly useful. For continuing tasks, in
particular, we get the nice expression:

1

VeJ(0) = ﬁEwd"@,awreHs) [Qr,(s,a)Vologmg(a | s)].
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2.2. REINFORCE
Recall that we have derived that
(4) VoJ(0) = Z™Egaro ammp (-|s) (@, (5, @) Ve logma(a | s)].
We aim to use this formulation of the gradient in our policy update
0+ 0+ aVyeJ(0).

Since Z7 is simply a constant, we can absorb this into the learning rate. Now, we aim to find
practical methods for estimating the gradient:

Esvdmo ammq(]s) [Qmy(5,a) Vg logma(a | s)] .

In this section, we study the algorithm REINFORCE. We will derive this in a very similar
manner to the policy gradient theorem but we will derive a final form that is immediately
practically useful. In particular, in the policy gradient theorem we derived in 2.1, the expectation
was over states sampled from p™(-). In most practical implementations of REINFORCE, we
sample trajectories under a policy, so it is more natural to define an expectation over trajectories
instead.

We first write our objective

J(0) = Es,~p[Vry (s0)] = Ex, [R(7)],
where 7 = [sg, ag, ro, $1,a1,71, - -] is a trajectory and
T
R(1) = Z’ytr(st, ag).
t=0
Now, we compute the gradient of this as follows:

VoJ(0) = Vo Y Pp(r)R(7)

= R(1)VsPy(7)

_ Py(7)
— Z R(7) Pz o Vo Py(7)

_ Py(7)
— Z R(7) Pz o VoPy(7)

=Y R(1)Py(7)Volog(Py(7))

Next, we observe that

T
Vo log (Py(1) = Vg log (p(so) H mo(at|s) P(Se+1]8¢, at)>

T

= Vylog (p(so0)) + Zlog mo(at|st) + log P(si11]st, ar)
t=0

T
= Vglog(mg(arst))

=0
As such, our gradient becomes:

T T
(5) VoV(0) = Ervpy(r) KZ Vo IOgT"G(at|5t)> (Z ’YtT(St,at)ﬂ :
t=0

t=0
Note that this is tractable as long as we can take the derivative of logmg(a | s). The intuitive
way to interpret this is that we are updating our policy by taking a step, in the parameter
space, in the direction of increasing log probability of trajectory 7 proportional to R(7). This
makes sense - our algorithm is encouraging our policy to sample trajectories that yield higher

returns. On the other hand, since Vylogmg(as | s¢) = %, the gradient norm is not only
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proportional to R(7) but also inversely proportional to the probability of sampling the trajectory.
This makes sense - the algorithm provides a stronger learning signal for actions that are rare
and also yield higher returns.

In almost all practical implementations, we use a Monte Carlo estimate of (5) since computing
the expectation is practically infeasible in large MDPs: we sample trajectories 7(1), ... 7(N)
under 7y and estimate the gradient as:

(6) VgJ NZ(ZV@logﬂg )|st ><Z7rst ,at )

t=0

As with most Monte Carlo estimators, this gradient suffers from high variance and, very often,
one needs to sample a large number of trajectories, especially when the time horizon is large,
for this gradient to be reliable. We now introduce a set of techniques to diminish the variance.

2.2.1. REINFORCE with Causality. The first technique we introduce is based on a simple ob-
servation: an action taken at time ¢ cannot affect rewards obtained at earlier time steps ¢’ < t.
Therefore, when maximizing the log probability of taking a particular action a; from state sq,
we should only weigh it by the rewards obtained from time ¢ onward, rather than the return
of the entire trajectory. In fact, in the policy gradient theorem (see Section 2.1), the gradient
Vologmg(a | s) is multiplied by Qr,(s,a), which measures the expected return from taking
action a in state s and following the policy thereafter. We now formalize this intuition.
Recall that our objective is

T
J(0) =Er p, [Z 'Vtrt] .
t=0

For the moment, suppose we instead consider the expected reward at a particular timestep t,
Vi(0) = Eqrnp, [re]).

By causality, the reward r; depends only on the trajectory up to timestep t. Thus, we can
equivalently write

Vt(a) = ETo;the [Tt]’

where 19.: = (so,a0,.-.,5t,a;) denotes the trajectory prefix up to timestep ¢t. Applying the
log-derivative trick, we obtain

VQV%(Q) = ETO:t~p9 [Ttve Inga(TU:t)]
t

=E -, ~ps |Tt Z Vo logﬂ'g(at/ ‘ St’) ,
/=0

where the second equality follows because the initial-state distribution and environment dynam-
ics do not depend on 6.
Now, observe that

T

T
Z'tht Z ro:e~pa [Tt]
t=0 t=0
3 7]
t=0

=E

T~Po

= J(0).



REINFORCEMENT LEARNING 19

Therefore, we have

Vo J(0) = ivtvevt(e)
=SB 13 St )
=E.p, 27 Tt Z Vg logmo(ar | s¢ ]
~po ZV@logﬂ'g ar | s¢ Z’Y Tt’]

t'=t

=E;p, ZW Ve logme(as | s¢) ZW’ _trt’l :

Lt=0 t'=t

In the final equality, we simply exchanged the order of summation.
Now, recall that the return from time ¢ onward is defined as

T
G = Z Ay

=t
Therefore, our gradient becomes:
T
(7) VoJ(0) = Brp, | Y 7' GiVologmg(ay | st)
t=0

This gives us the REINFORCE gradient with causality, where each action is weighted only
by the discounted return from that timestep onward. We can estimate this with a Monte Carlo

estimator as well: we sample trajectories 7(1), .- 7(¥) under 7y and estimate the gradient as:
— 1 NI ) ) ,

(8) Vol (0) = 5> > Vologmola;” | s)7'G",

i=1 t=0
where

. T

Gil) _ Z,Yt —t (SIE/) ai/)).
=t

REINFORCE with Causality

1: Initialize policy parameters 6

2: for iteration =1,2,... do

3: Collect N trajectories {7*}Y; under my

4: for each trajectory 7¢ do

5: for each timestep ¢ in 7° do

6: Compute return: Gi = S _ A" ~tr(si,, al,)

7 end for

8: end for

9: Update the policy parameters
VoI (0 ZZ'}’thVG log o (aj | s7)

7, 1 t=0

0 0+aVy J(Q)

10: end for
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2.2.2. REINFORCE with Baseline. The next technique we introduce is the notion of a baseline.
We use the following gradient estimator:

N T
(9) Vol (0 ZZ Wologm(af” | s”) (G7 — bu(s”)) |
i=1 t=0

T
ng) _ Z,yt —t (SL) ag/))

=t
and by(s) is a baseline that may depend on the state and timestep, but not on the action. We
will show that subtracting such a baseline does not introduce bias into the gradient estimator.

Furthermore, an appropriately chosen baseline can reduce its variance.
First, observe that for any state s,

Eoory)s) [b:(5) Vo logmg(a | s)]
= bt(s)zﬂe(a | )Vologmo(a | s)

s) Z Vorg(a | s)
$)Vg Zﬂg(a | s)

bt (S)vgl
=0.

Therefore,

T
E.<p, [Z 7'b(S¢) Ve log mo (A | St)] =0
t=0

As such, we have

T

VoJ(0) = Ervp, [Z (G — by(S;)) Ve log g (A | st)l :

t=0

Thus, subtracting any state-dependent baseline does not change the expected policy gradient.
The next question we ask is: what baseline should we choose? In particular, which baselines

help us reduce variance? Some common choices of baselines include

N

1 .
N Z R(T(’)), for any s € S and any time step t.
i=1

Another common choice is the baseline:
bi(s) = Vg ,t(5) = Ex, [Gt | St = s,

where one estimate V., ;(s) through some learned value function, which gives rise to actor critic
methods (which we will discuss in the next section).
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REINFORCE with baseline

1: Initialize policy parameters 6

2: for iteration =1,2,... do

3: Collect N trajectories {7*}Y; under my

4 for each trajectory 7¢ do

5 for each timestep t in 7¢ do

6: Compute return: Gi = S _ ~"~tr(si,, al,)
7 end for

8 end for

9 Compute baseline b = + Zfil R(7%)

10: Update the policy parameters

VgJ ZZ’V G! —b)Vglogmg(al | si)
z 1 t=0
0« 6+ ongJ(H)
11: end for

We now discuss theoretical justifications for this choice of baseline. First, we derive the
optimal baseline.

Proposition 2.2 (Optimal Baseline for REINFORCE). Fiz a timestep t and a state s, and let

gt = Valogmy(A; | s). Suppose that the relevant second moments are finite and that E|g.||* |
S = 8] > 0. Then, the baseline minimizing the conditional variance of gi(Gy — bi(s)) is
[Hgt\l | S = S]
In particular, this baseline satisfies
Var (g:(Gy — by (s)) | St = s) < Var (¢:G: | St = s) .
|

Proof. Recall that the variance of a random vector X is defined as
Var(X) := E[| X — E[X]|*] = E[| X|*] - |E[X]|]*.

We have already shown that

Elg: | St = s] = Zﬂ'ga\ s)Vologmg(a | s) = ZV@ﬂ'ga\ VQZWQ(GIS>=O.

So, for any baseline b;(s),
Elgi(Ge = bi(s)) | Se = 5]
=E[g:G: | Sp = s| — bi(s)E[ge | St = 5]
= E[th{» | St = S]
Since the expectation of ¢:(Gt — b:(s)) does not depend on b;(s) (as we have just shown above),

minimizing the variance of E[g:G; | S; = s] is equivalent to solving the following optimization
problem:

min B [gell®(Ge = be(s))* | S = 5] .
Expanding the square gives us
Elllg:1*(G: = bu())* | Se = 5] = E[|lg:|*G} | Si = 5]
— 2b,(s)E[[|g:||°G | S; = s]
+be(5)°E[[lgell* | Si = 5.
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Differentiating this optimization objective with respect to b:(s) and setting the derivative equal
to zero gives

0= —2E[||g:I° Gy | S = s] + 2b4(s)E[[|ge||* | St = s].

Therefore,
E(llg:°G: | Si = 5]
bi(s) = .
V) = P TS =4
Since
872]5}[”91‘||2(C’Yt —bi(s))? | Sy = 5] = 2E[||ge]1* | St = s] > 0
abt(S)Q ) ’ ’

this is the unique minimizer. Since b} (s) minimizes the conditional variance,
Var (g:(Gy — by (s)) | St = s) < Var (¢:G; | St = s),

where the right-hand side corresponds to using no baseline (i.e. REINFORCE with Causality
only). O

While this is the optimal baseline for REINFORCE, in practice, we do not use it, mainly
because computing ||g¢||? can be extraordinarily expensive. Instead, we often use the value
function as the baseline, which we provide (some) justification for now:

Proposition 2.3. Under the assumptions of the preceding proposition, suppose that ||g¢||*> and

Gy are conditionally uncorrelated given Sy = s, i.e.,
COV (||gtH27Gt ‘ St = 8) =0.
Then the optimal baseline is the state-value function:

b;(5) = Virg1(s)-

In particular, the conclusion holds if ||g:||> and Gy are conditionally independent given Sy = .

Proof. We have already proven that the optimal baseline is

. E[||¢:]?Gy | St = s
bi(s) = .
() = BB S =4

By the definition of conditional covariance, we have

COV(||9tH27Gt | St =s)
= E[HgtH2Gt | Sy = 5] - E[HgtHQ | S¢ = S]E[Gt | S; = 3]

Now, assume that the conditional covariance is zero. Therefore,
Ellg:|°Ge | S¢ = 5] = E[|lg:l|* | St = s|E[G: | S¢ = s].

Substituting this into the expression for the optimal baseline gives

* E[||lg:||? | S; = s|E[G¢ | S; = 5]
b —
o) Elgr? | 5 = 5]
= E[Gt | St = S]
== V7r97t(8).

Finally, conditional independence implies zero conditional covariance, so the conclusion also
holds under the stronger assumption of conditional independence. O

This result requires a particularly strong assumption which does not hold in most practical
settings. However, empirically, we tend to find this baseline in most settings to be strong.
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2.3. On-Policy Actor-Critic Methods

Let us consider the setting of REINFORCE with baseline. In particular, suppose that we
choose the baseline to be the true state-value function under the current policy, i.e. bi(s) =
Vo t(s). We use the time step dependent notation because we are considering finite-horizon
episodic tasks. In the continuing tasks setting, we would replace each V., +(s) with V,(s).

Recall that REINFORCE with baseline gives us the policy gradient

(10) VQJ(Q) = TNPG [Z’y Vg lOg’]Tg(At | St) (Gt 7\'6 t(St))‘| .

t=0
Now, note that the action-value function satisfies

Qﬂe,t(s,(l) = Eﬂ-e [Gt | St = S,At = a].

As such, by the law of iterated expectations, we may replace the reward-to-go G; with the
action-value function Qr, +(St, A¢) without changing the expected policy gradient. We therefore
obtain

)

T
(11) VoJ(0) = Erup, [Z V'V log mg(Ays | St)Ary.t(Se, Ay)
t=0

where

A‘ﬂ'e’t(sﬂa) = Q‘ﬂ'e, (S a‘) Vﬂ'e, (S)
T(Sv a) + 'VES’NP(AIS,a) [Vﬂs,t+1(5/)] - Vﬂe,t(s)-

In practice, however, we do not have access to the true state-value function. Instead, actor-
critic methods use a learned value function Vj(s) ~ Vg, .(s), parameterized by ¢. Given a
transition (s¢, at, 7, St+1), we estimate the advantage using

(12) 6t =1t + YV tr1(se41) — Vi e(st)-

This quantity is called the temporal-difference error, or TD error. Here, we set Vi ;11(si41) =0
whenever sy is terminal or ¢t = T.
Observe that if the learned value function is exact, i.e. V¢ = Vz, 1, then

E[ét | St = S,At = a] = Awg’t(s,a).

Thus, the TD error provides a single-sample estimate of the advantage function. This motivates
the following policy gradient estimator:

N T;
‘ _ 1 S t5(0) (i) | ()
(13) VGJ =N Eﬁ E:g 70, Velogmg(a,” | s”),

where T; < T denotes the final decision timestep of trajectory 4.

The next question is how to train the critic V4 ;. One approach is to train the critic through
supervised regression using Monte Carlo returns. Suppose that our training set consists of N
trajectories sampled under the current policy mg. For each trajectory, we compute

G(z) Z’yt iy sgf) agf)).
t—t

We then minimize the following squared—error loss:

(14) Laic(o Z Z (Vulst?) = G >)

i=1 t=0
Differentiating with respect to the critic parameters ¢ gives

(15) VoLuo(9 Z Z <V¢ -Gy ) VoViul(si).

i=1 t=0
Thus, we can update the critic parameters using gradient descent:

¢ ¢ — a®VyLyc(o).
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Alternatively, we can train the critic using a bootstrapped estimate of the target. In particular,
given a transition (s¢, at, 7, St+1), we define the one-step TD target

Y =1e + YV 1(Se41)-

We then consider the squared-error loss

(16) Lao(6) = 5 30 (Valsl) —su(ui™))

where sg denotes the stop-gradient operation, which treats its argument as constant during
differentiation. Differentiating with respect to ¢ gives

N T;
(17) Vslrn(@) = >3 (Vaulst?) = ui”) VoVia(si?)
i=1 t=0
N T‘i . .
(18) =22 8 VoVouls”):
i=1 t=0

Consequently, gradient descent on the one-step TD loss gives the critic update
(19) Qb — ¢ + a¢5tV¢V¢’t(8t).

Combining the critic update in (19) with the policy gradient estimator in (13) gives the following
one-step actor-critic algorithm.

One-Step On-Policy Actor-Critic

1: Input: Policy mg(a | s) and critic Vj +(s)
2: Input: Learning rates o?,a® > 0
3: Initialize policy parameters 6 and critic parameters ¢

4: for iteration = 1,2,... do
5: Collect N trajectories {7'}¥ | under g
6 for each trajectory 7* do
7: for each timestep ¢ in 7* do ‘ .
8 Compute TD error: &; = r{ +vVs41(si41) — Vou(sp),
(Set Vi 141(si41) = 0 if s, is terminal or t =T.)
9: end for
10: end for
11: Compute critic loss gradient:
N T,
VoLrp(p) = — Z Z 0tV Vs e(st)
i=1 t=0
12: Compute policy gradient:
. LN
VoJ(6) = N Z Z’yfﬁ;V@ log 7o (ay | sy)
i=1 =0
13: Update critic parameters:
¢ ¢ —a®VyLrp(9)
14: Update policy parameters:

0« 0+ a’VeJ(0)
15: end for
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2.4. Performance Difference Lemma

We first recall the definitions of various state distributions in §1.4. Let p denote the initial-
state distribution, and let 7 denote the number of decision time steps in a trajectory. For
continuing tasks, we set 7 = oo, whereas for episodic tasks with a finite horizon T, we have
7 <T. We also let ST C S denote the set of nonterminal states, and assume that p is supported
on 8*. Throughout this section, given a trajectory 7 = (so,ao, o, $1,a1,-...), we define the
probability of sampling it under policy 7y to be

Py(7) = p(s0) [ [ wo(ailsi) P(sitalsi, ai).
=0

We define the probability of reaching state s in k time steps under policy 7y as
Py (Sk = s S0 ~ p)

k-1
= Z Z p(s0) H mo(ar | s¢e)P(se41 | 8¢, a1),
t=0

S0yeens Sk_1E€ST ao,...,ar—1

where s, = s € 8T and k > 1. For k = 0, this probability is p(s). Equivalently, by the law of
total probability,

Pry(Sk = 5| So~p) =Y p(s0)Pry(Sk = 5 | So = s0).

The unnormalized discounted state occupancy measure is defined as

pre(s) = kaPﬂs(Sk =s| Sy~ p).
k=0

This measures the expected discounted number of visits to state s under 7g. In general, this is
not a probability distribution, since
> pm(s) # 1.

seS
The normalized discounted state occupancy distribution is defined as

To
pzjj), where Z™ := Zp’”’(s).
s€ES

d™(s) :==

For continuing tasks with v < 1, we have

d™(s) = (L=7)p"™(s).
Throughout this section, we will assume that v € [0,1) and that the reward function is
bounded, i.e. 7(s,a) € [Ry, R,] for some finite R;, R,, € R. Furthermore, we will use the notation

V(m) = Erupr 22207 (st, ar)]
Lemma 2.4. Let f: S x A — R be a bounded function. Then, for any policy mg, we have
- 1
B lZ " ““‘”)] = = Eett [Bacryin [f(s,0)].

t=0
J

Proof. Since f is bounded and v < 1, we can interchange the infinite sum and expectation.
Thus,

Ernpy [Z v f (st at)] => V'Erep, [f(51,00)]
=0

t=0

= ’Ytz Z Pﬂ'e(st =S | So ~ p)TFO(a ‘ S)f(saa)

t=0 sES acA

= Z (Z’Ytp‘n'e(st =S | SO ~ P)) Z 779(@ | S)f(S,CL)

seS \t=0 acA
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= 0™ (8)Bamm, (s [ (5,0)]

seS
1 Ky
= 71 — d G(S)Ea,\,ﬂ.e(,‘s) [f(s,a)}
Y
sES
1
= 71 — WEswd”e [Ea~7r9(-\s) [f(s,a)]] .

O

Theorem 2.5 (Performance Difference Lemma). Consider a discounted continuing task with
bounded rewards and discount factor v € [0,1). Given two policies w and 7', for any fized initial
state sg € S, we have

1
V‘n”(SO) -V ( = 7—~Pﬂ' [Z’Y Staat | 50‘| = EESNd;rO’ [ECLNT(/("S) [AW(S?G’)]] )
where the advantage function is Ar(s,a) := Qn(s,a) — Vr(s) and d’;(; is the discounted state

distribution under 7' starting from sg:

dg,(s) = (1—7) Z’Ytﬂbw(st = 5| So = s0).

t=0

Proof. The advantage function decomposes as:
Ar(s,a) = Qr(s,a) — Vi(s)
=Eyop(sa) [r(s,a) +7Va(s") = Vr(s)].

Now, we expand as follows:

ETNP“'/ [thAﬂ(st,at) ‘ 80‘| = TNP" [Z’y st,at +’}’V (St+1) Vﬂ—(st)) | 80‘|

t=0
Note that the telescoping sum give us

B wpr [Z YW (si41) =7 Valse) | s0| = B, per [=Va(s0) | s0] -

t=0

So,
TNP"" [27 St’at 50] :ETNP"/ [

=E__pw l Y'r(se, ar) — Va(so) | 801

- Vﬂ'/(SO) - 7\'(30)7

Using the previous lemma, we have

= 1
E. . p~ [Z ’ytAW(st’at) ‘ 80‘| = ﬁESr\zd;’é [Ea“‘ﬂ’“s) [AW(S»G)H :

t=0

Y (r(se, ae) + YVa(se41) — Va(se)) | 80]

7 11

o~
Il
o

O

If we define the performance of a policy m by V(m) := Eg~p[Vx(s0)], then averaging the
Performance Difference Lemma over the initial-state distribution p gives

1
V(W/) V( = TNP7r [27 Stvat ‘| = ﬁEswd"/ [anﬂ’('\s) [Aw(s7a)]] y

where trajectories are initialized according to sg ~ p, and d™ is the corresponding discounted
state distribution. This is a version of the performance difference lemma presented in several
works such as in [SLMT17].
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APPENDIX A. BANACH FIXED-POINT THEOREM

A metric space is a set X with a function d : X x X — R (called a matric) satisfying:

(1) d(z,y) >0 for all x,y

(2) d(z,y) =01if and only if x =y

(3) d(z,y) = d(y,z) for all zy

(4) d(z,y) < d(z,z) + d(z,y) for all x,y,z € X.

Definition A.1 (Cauchy Sequence). Let (X,d) be a metric space. A sequence (z,)n>0 in X s
called a Cauchy sequence if, for every € > 0, there exists N € N such that

d(zp, xm) < €
for alln,m > N. J
Lemma A.2. If the sequence (x,) converges to some x, then the sequence is Cauchy. N

Proof. Given the sequence converges, for any € > 0, there exists N such that for all n > n,
d(xn,z) < €/2. Then, for all n,m > n, we have that d(z,, Zm) < d(zn, ) + d(Tm,z) < §+ § =
€. O

The converse of this lemma is not true in general but is true in a special class of spaces called
complete metric spaces.

Definition A.3 (Complete Metric Space). A metric space (X,d) is said to be complete if every
Cauchy sequence in X converges to some element of X. _|

Definition A.4 (Contraction). Let (X,d) be a metric space. A map ¢ : X — X is called a
contraction if there exists a constant ¢ € [0,1) such that

d(¢(x), #(y)) < cd(z,y),  Vr,yeX.
A point © € X is called a fized point of ¢ if ¢(x) = x. J
Proposition A.5 (Banach Fixed-Point Theorem). Let (X,d) be a nonempty complete metric

space and let ¢ : X — X be a contraction with the contraction constant being ¢ € [0,1). Then ¢
admits a unique fixed point, i.e. there exists a unique x* € X such that

o(z*) = a*.

Furthermore, for any xo € X, the sequence (Tn)n>0 defined recursively by xp41 = é(xy,) con-
verges to x*, i.e.

nlgr;ogb (xg) = ™.

In particular, the convergence satisfies
d(xp,x*) < d(xg,x™).
_

Proof. Pick any z¢ € X and define a sequence (z,,)n>0 recursively by z,+1 = ¢(x,). We claim
that this sequence is Cauchy: since ¢ is a contraction, we know that

d(Tp, Tni1) = d(G(Tn-1), ¢(T0))
<cd(xp_1,xy).

Then, under recursion, we get:

d(znaxn+l) d(xn—lvxn)
2d(ajnf% xnfl)
n

<c
<c
<.
<c
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Now, for any n < m, since d is a metric that satisfies the triangle inequality,

A(wn, ) <O d(@i, 2iq1)

IA
o)
QU
—~
8
2
8
[
~

= d(xg, 7).
— (o, 21)
We defined ¢ < 1, so the right-hand side converges to 0 as n — oco. Therefore, (z,)n>0 is a
Cauchy sequence. Since X is a complete metric space, there exists some z* € X such that
lim z, = z*.
n— oo

Furthermore, since ¢ is a contraction, it is continuous. So,

o) = 6 Jim =)
= 2, ¢len)
= g, T

:{E*,

which shows that z* is a fixed point of ¢. Finally, we prove uniqueness: suppose that *, y* € X
are both fixed points. Then

d(a*,y") = d(é(z"), 6(y"))
< cd(a",y")
— (1-<)d(a",y") <0

Since ¢ < 1 and the metric is non-negative, this implies d(z*,y*) = 0, so * = y*. To prove the
last statement, note that since ¢(z*) = z*, repeated application of the contraction inequality
gives

d(xn, 2") = d(¢" (x0), 0" (z7))
< "d(zg, z").
O

Proposition A.6 (Completeness of the Value Function Space). Let S be a finite state space,
and define the space of real-valued function on S to be

V={V:8 >R}
Consider V to be a metric space with supremum norm
Voo = v
Vo = max [V(5)],
is a complete metric space under the metric d(V,W) = ||V — W . a

Proof. Let (V,)n>0 be a Cauchy sequence in V. By definiton of Cauchy sequences, then, for
every € > 0, there exists N € Z~ such that

Vi = Vinlloo < €
for all n,m > N. By definition of the supremum norm, then, for any s € S,

[Vi(s) = Vin(s)| < Vi = Vinlleo < &
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This means (V;,(s))n>0 is a Cauchy sequence in R. Since R is complete, it converges to some
V(s) € R. Note that we now have a function V' € V. Taking m — oo in the preceding inequality
gives
[Va(s) = V(s)| <€
for every s € S and n > N. So,
Vi — Ve <e.

Therefore, V,, — V under the supremum norm, proving that V is complete. (]
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